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Abstract

This paper offers the first rigorous economic analysis of the dropout problem—

a practical challenge in designing exchange markets. We introduce a model
incorporating situations where participants may drop out of the market before
transactions occur, which results in the failure of all transactions within the
same exchange cycle. We show that the celebrated Top Trading Cycles (TTC)
mechanism is disadvantaged due to its potential reliance on large exchange
cycles, which implies a high likelihood of transaction defaults. Furthermore,
agents may not have an incentive to truthfully report their preferences under
the TTC mechanism when dropouts can happen. To improve efficiency, we
propose k-greedy mechanisms designed to manage the risks associated with ex-
change cycle sizes while maintaining reasonable efficiency, with a constraint on
the maximum possible cycle size of k. We show, both theoretically and through
simulations, that the k-greedy mechanisms (with small values of k) outperform
the TTC mechanism.
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1 Introduction

1.1 Motivation

Allocation of scarce resources is the central theme of economics, and market design
has found applications in various allocation problems in which monetary transfer is
not allowed. The two gold standards in this literature are the deferred acceptance
mechanism (Gale and Shapley, 1962) and the Top Trading Cycles (TTC) mechanism
(proposed by Gale and formalized by Shapley and Scarf (1974)). The deferred accep-
tance mechanism is used for medical matching and school choice in many countries.?
In contrast, the applications of the TTC mechanism are limited, with a notable ex-
ception being kidney exchange, where, oftentimes, the preference structure is simple
and severe restrictions on cycle sizes are imposed.? Why are applications of the TTC
mechanism rarely observed in practice?

We argue that this is because (i) the TTC mechanism results in large cycles,® and
(ii) if agents drop out of the market after the assignment is determined but before
the transactions occur, that causes a cascade of other agents in the same cycle to be
affected: the dropping agent would leave the market with her initial endowment, and
the agent who was supposed to receive that object can no longer receive it, which
leads him to receive his initial endowment, and so on. Figure 1 demonstrates how
large the cycles can be under the TTC mechanism. These histograms record the
number of cycles and the number of agents involved in each cycle size, respectively, in
exchange markets with 200 agents, where we generated the preferences of each agent
uniformly at random for 100 simulation runs. The cycle sizes can be quite high, where
20% of agents are involved in the cycle size of 18 or greater.*

The large cycles have a significant effect on the agents’ welfare when agents drop

out. It is a modeling practice to assume that once a mechanism determines an as-

!For medical matching, see Roth (1984) and Roth and Peranson (1999) for seminal work. See
Roth (2008) for an extensive review of applications. For school choice, see Balinski and Sénmez
(1999) and Abdulkadiroglu and Sénmez (2003) for seminal work. See Fack et al. (2019) for an
extensive review of applications.

2See Roth et al. (2005a,b) and Ashlagi and Roth (2021) for TTC-like mechanisms in practical
kidney exchange. Another exceptions are a few applications in school choice (Abdulkadiroglu et al.,
2017; Morrill and Roth, 2024), which we discuss in Section 4.4.

3We formally define the TTC mechanism in Section 2.1.

4The probability that at least one agent out of 18 agents drops out is more than 30% even when
the dropout probability is as low as 2%.
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Figure 1: Fraction of cycle sizes (the left panel) and the fraction of agents involved
in each cycle size (the right panel) under the TTC mechanism. We set N = 200 in
both panels.

signment, it is finalized. However, in real-life markets, some agents drop out of the
market after their assignment is determined but before transactions occur, and we
take this reality seriously. We are agnostic about why agents drop out and treat a
dropout as a probability-p event that can happen to each agent independently. If
an agent drops out, then all agents in the same cycle will be affected, meaning that
they will have to receive their initial endowment.® When there are 200 agents and
their preferences are randomly generated, we varied p and recorded the average per-
formance of the resulting mechanisms over 100 simulation runs. In Figure 2, the left
panel records the number of agents who are assigned their [-th choice or better for
each [ (hence the mechanism is better if the corresponding curve is higher) and the
right panel records the fraction of agents who receive someone else’s object at a given
p relative to the number with p = 0. The graphs show that the introduction of small

p has a significant effect on the performance of the TTC mechanism.

1.2 Contribution

This paper offers the first rigorous economic analysis of the dropout problem—a
practical challenge in designing exchange markets. In an attempt to prevent the

problem caused by large cycle sizes and dropouts, we propose the approach of robust

®One could imagine a situation where the affected agents participate in a certain rewiring process
among themselves. While we do not primarily consider such a scenario to focus on the first-order
effect of dropouts, we will briefly discuss this issue as well (cf. Section 4.3).
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Figure 2: The performance of the TTC mechanism under various p (the left panel)
and the fraction of agents who receive someone else’s object at a given p relative to
the number with p = 0. We set N = 200 in both panels.

exchange, where we impose a restriction on the cycle sizes. With such a restriction,
one agent’s dropout can only cause a small number of affected agents, and in that
sense, the output of the mechanism is robust to dropouts.

We first consider a market without dropouts and examine the effect of a cycle size
restriction. We show that such a restriction is incompatible with strategy-proofness
and what we call k-unanimity—the condition requiring that every cycle that respects
the cycle size restriction (the cycle size no greater than k) and gives each involved
agent their first-choice object must be implemented. Given this result, we propose
a new mechanism called the k-greedy mechanism, where the parameter k represents
the maximum cycle size allowed. This mechanism respects the cycle size restriction,
unanimity, and (constrained) efficiency. The mechanism is based on what we call
the k-greedy algorithm, and we prove that it runs in polynomial time. We also show
that, although the k-greedy mechanism is not strategy-proof (since it respects k-
unanimity), it has certain good incentive properties where agents would not be able
to find an “obvious way” in which they can improve their assignment.

We then turn to the model that explicitly incorporates the possibility of dropouts.
We first show that, under the possibility of dropouts, the TTC mechanism no longer
has a desirable incentive property: every agent truthfully reporting their preferences is
not a Nash equilibrium under the TTC mechanism for some specification of cardinal
utilities. This is because agents might misreport their preferences in order to be

involved in a smaller cycle than in the case of truthtelling, lowering the probability



of being affected by other agents’ dropouts. This is a novel economic force revealed
through our introduction of the dropout model.

To evaluate the welfare implications of dropouts, we next compare the k-greedy
mechanisms with various values of k£ and the TTC mechanism by considering the limit
as the number of agents tends to infinity, where preferences are generated uniformly
at random in each market. We show that the fraction of agents who receive someone
else’s object tends to 0 under the TTC mechanism, while such a fraction tends to a
positive number under the k-greedy mechanisms for any fixed k. This result analyti-
cally confirms the observation in Section 1.1 that the TTC mechanism is inefficient,
while demonstrating the advantages of the k-greedy mechanisms.

Finally, we provide a wealth of simulation results that compare the performance of
the TTC mechanism and the k-greedy mechanisms with various values of k. We find
that the k-greedy mechanisms with small £ mostly outperform the TTC mechanism
when there are many agents.

Overall, the present paper sheds light on the reason why the TTC mechanism
is not successfully used in practice despite its desirable properties, and proposes an
alternative mechanism that addresses the weak point of the TTC mechanism. To
circle back on the comparison in our opening paragraphs, we note that the deferred
acceptance mechanism in the two-sided matching context, such as medical residency
matching, does not suffer from the same problems: since doctors are not endowed
with a hospital initially, even if a doctor drops out, that would not take away an
assignment of some other doctor.® In contrast, in our exchange markets, agents who
drop out can still exercise ownership over their endowed object. It is the combination
of this ownership and the possibility of dropout that places the TTC mechanism at

a disadvantage.

1.3 Related Literature

Notions similar to k-unanimity are shown to be incompatible with strategy-proofness
in the literature in settings different from ours. Takagi and Serizawa (2010) consider

a one-to-many two-sided matching model and show that there is no individually

6Moreover, even in a model that incorporates dropouts, it is straightforward to see that the
deferred acceptance mechanism has the following desirable incentive property: If each doctor-hospital
pair drops out with a positive probability that is independent of the hospital’s identity, truthful
preference submission by all doctors is a weakly dominant strategy equilibrium.



rational and strategy-proof mechanism under which two agents are matched if they
regard each other as their respective first choice.” A special case of this result, when
the market is one-to-one, can be considered to be a special case of our impossibility
result with £ = 2 where the preference domain is restricted in a “two-sided” manner.

Takamiya (2013) studies a coalitional formation model where there is a set of
available coalitions and each agent submits a ranking over such coalitions. He shows
that, under certain assumptions, there is no strategy-proof mechanism that satisfies
the property that a given coalition must be formed if that coalition is ranked at
the top of every agent in the coalition.® When the set of available coalitions have all
coalitions with size k or less, his model might look similar to ours and hence one might
think his result implies our Theorem 1 that shows that no k-robust mechanism is k-
unanimous and strategy-proof. However, his model is different from ours whenever
k > 2 because a coalition is merely a set of agents and does not specify who in the
coalition gets which object.” Due to this difference, his result does not imply our
Theorem 1 when k£ > 2.

Without constraints on the cycle size, the TTC mechanism selects the unique al-
location in the core (Roth and Postlewaite, 1977) and is characterized by individual
rationality, efficiency, and strategy-proofness (Ma, 1994). With the constraint on the
cycle size, Gale and Shapley (1962) show that a stable matching may not exist in the
context of a roommate problem.!® Roth et al. (2005b) are motivated by kidney ex-
change problems and consider roommate problems (i.e., the cycle size must be 1 or 2)
with dichotomous preferences. They propose a class of mechanisms that are individu-
ally rational, constrained-efficient and strategy-proof. Nicolé and Rodriguez—Alvarez
(2012) is a seminal paper on general constraints on the cycle size, which shows the
incompatibility between strategy-proofness and constrained efficiency in the model

where agents cannot misreport their ranking over objects except that they can mis-

"The same notion is considered in Toda (2006) under a two-sided matching model and in Klaus
(2011) in a roommate problem.

8lziodrl'guez—Alvamez (2009) studies the same requirement in a different context of analysis.

9For example, Takamiya (2013)’s model would not distinguish a cycle in which agent 1 receives
object 2, agent 2 receives object 3, and agent 3 receives object 1 and another cycle in which agent 1
receives object 3, agent 2 receives object 1, and agent 3 receives object 2. This is fine for his purpose
but can be an issue in our setting if, for example, agents 1 and 2 prefer the former cycle while agent
3 prefers the latter. In the special case of k = 2, our Theorem 1 is implied by Takamiya (2013) (his
other assumptions are satisfied in our setting).

0Chung (2000) provides a general condition for the existence of a stable matching for roommate
problems.



report the cutoff between acceptable and unacceptable objects.! Our result on the
incompatibility between k-unanimity and strategy-proofness is not implied by their
result. Indeed, the two concepts turn out to be compatible with each other in their en-
vironment.'? Balbuzanov (2020) considers general preferences and proposes a random
mechanism that respects constrained efficiency and strategy-proofness, among others.
Our results differ from the ones in any of the above papers because our primary focus
is on the k-greedy mechanisms and their performance in the model with dropouts.
Moreover, we show that the k-greedy mechanism achieves not only k-efficiency but
also k-unanimity, and that k-unanimity is incompatible with strategy-proofness.

We study a model where agents drop out of the market. Such a model is exten-
sively analyzed in the computer science literature in the context of kidney exchange.
See, e.g., Alvelos et al. (2015); Constantino et al. (2013); Dickerson et al. (2019);
Feigenbaum and He (2024). The typical focus of those papers is to find algorithms
that maximize specific objective functions, such as the number of transplants, where
some papers further assume dichotomous preferences and/or pairwise exchanges. Re-
cent economics papers, such as Ashlagi et al. (2018); Akbarpour et al. (2020), have
also studied stochastic processes where agents may leave the market. However, the
agents in their model would only leave before an assignment is made, while agents
in our model would leave after an assignment is made. Overall, the results from the
above literature on dropouts are not logically related to ours.

The paper proceeds as follows. Section 2 sets up a model without dropouts and
introduces the concept of k-robustness. We provide impossibility results involving
k-robustness and propose the k-greedy algorithm and k-greedy mechanism. Section 3
provides a model with dropouts and analyzes incentives and efficiency under the TTC
mechanism and the k-greedy mechanism. Section 4 discusses simulation results, and
Section 5 concludes. The Appendix provides a detailed description of the k-greedy
algorithm and the proofs for all the results in this paper. The Online Appendix
discusses an alternative version of the k-greedy algorithm and its relationship to the
“k-robust version” of the core. It also provides additional simulation results and some

more discussion on the k-greedy mechanism.

See Nicold and Rodriguez-Alvarez (2013), Nicolo and Rodriguez-Alvarez (2017) and Rodriguez-
Alvarez (2023) for results on incompatibility between constrained efficiency and incentive compati-
bility under various settings.

128ee footnote 21 for why this claim holds.



2 k-Robustness

2.1 Model

Let I = {1,2,..., N} be the set of agents. Each agent i possesses an indivisible object
17, and thus [ also denotes the set of objects. Each agent i has a strict preference
relation >; over objects in I. We write j =, 7’ if and only if 7 =; j' or j = j/. We
say that object j is acceptable to agent ¢ if j >; i. We sometimes let >:= (>;);er
to denote a preference profile.

An exchange is a mapping p : [ — I that assigns to each agent an object, with a
restriction that there is no pair of agents (7, ) with 7 # j such that u(:i) = p(j). For
notational simplicity, we denote pu(i) by u;. If p; = i, we say that i is unassigned
under p. If pu; # 7, we say that ¢ receives an object. We say that an exchange p is
individually rational if p; >; ¢ for every ¢ € [.

Given an exchange p, a cycle is a sequence of agents, (iy,is,...,7;) for some
positive integer L, such that (i) ¢ # iy for any pair ([,I') with [ # I', and (ii)
i, = i141 for each | where we set i1 1= 4;. Given a sequence of agents (iy,...,7r),
we say we implement (or form) the cycle (iy,...,7;) to mean that we assign object
1141 to agent i; where we let iy 1 := i;. We say that a cycle in p is a L-cycle if it
involves exactly L agents.

The following definition, which considers constraints on the maximum cycle size,

provides a central concept of this paper.
Definition 1. An exchange p is k-robust if there is no &’-cycle in p such that &' > k.

That is, an exchange is said to be k-robust if all cycles have sizes k or fewer. Note
that our model coincides with the standard house exchange problem if £ > N, i.e.,

exchanges have no size restriction.

Definition 2. Given a preference profile (>-;);c;, a unanimous trading cycle is
a sequence (i,...,ir) such that (i) iy # iy for any pair (I,I') with [ # I', and (ii)

Q41 >, iy for any pair ([,1") where we set iy := 4.

This is equivalent to a standard top trading cycle used in the well-known Top
Trading Cycles (TTC) mechanism (which we formally define shortly) when all objects
are in the market. We use a different terminology in this paper because we do not

call a top trading cycle after some objects are eliminated a unanimous trading cycle,
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Figure 3: k-unanimity and k-efficiency. In panel (a), the exchange where everyone
is unassigned is 2-unanimous but not 2-efficient. In panel (b), the exchange where
agents 1 and 2 receive each other’s object is not 2-unanimous but 2-efficient.

and this difference becomes important later.'®> Note that the notion of unanimous
trading cycle is defined given a preference profile, while that of “cycle” is not.

An exchange p is k-unanimous if, whenever (iy, ..., i) is a unanimous trading
cycle with size ¥’ < k, we have y;, = i, for each [ where we set ix 1 := i1.'* An
exchange  is called k-efficient if it is k-robust and there is no k-robust exchange p'
such that yf = p; for every i € I and p; = p; for some j € I. The following example

illustrates that k-unanimity does not imply or is implied by k-efficiency.

Example 1 (k-unanimity and k-efficiency). Suppose that I = {1,2,3} and k = 2.

Consider the following preferences.'

=1:2,1; =90 3,2; —3: 1,2, 3.

Panel (a) of Figure 3 provides a graphical representation of these preferences. Since
there is no unanimous trading cycle with size 2 or fewer, the exchange where everyone
is unassigned is 2-unanimous. However, such an exchange is not 2-efficient because
an alternative exchange where agents 2 and 3 receive each other’s object while agent
1 is unassigned is strictly better for agents 2 and 2 while making agent 1 indifferent.

Now, consider the following preferences.

=12, 1; =5:3,1,2; =5 2,3

13See Remark 1 in Section 2.3.

Note that no agent can be involved in multiple unanimous trading cycles under any preference
profile.

15We list all acceptable objects (which include the endowed object) in order, while not listing
those that are not acceptable.



Panel (b) of Figure 3 provides a graphical representation of these preferences. The
exchange where agents 1 and 2 receive each other’s object while agent 3 is unassigned
is 2-efficient because any other 2-robust exchange would make either of agents 1 and
2 unassigned, making them worse off. However, such an exchange is not 2-unanimous

because agents 2 and 3 constitute a unanimous trading cycle with size 2. O]

The intuition for this example is simple: k-unanimity is not stronger because it
only considers the first choices, while k-efficiency also pertains to worse choices. k-
efficiency is not stronger because it can give priority to agents who are not anyone’s
first choice at the expense of others in a unanimous trading cycle with size k.

A mechanism is a function that assigns to each preference profile an exchange.
Given a mechanism 1 and a preference profile (>;),c;, we denote the object that
agent i receives by ¢;((>;)jer). A mechanism is called individually rational if it
always returns an individually rational exchange. We say that a mechanism ) is

strategy-proof if, for every preference profile (>-;);e; and every agent i € I,
Vi((=5)jer) =i i(=5, (=) j4)
holds for every /.
Definition 3. A mechanism is
1. k-robust if it returns a k-robust exchange given any input;
2. k-unanimous if it returns a k-unanimous exchange given any input;

3. k-efficient if it returns a k-efficient exchange given any input.

Section 2.3 presents a mechanism that satisfies all the three properties in the above
definition. Throughout this section, we take k-robustness as a hard requirement. k-
unanimity is a normatively appealing property and can furthermore be seen as a
minimal criterion that one would reasonably impose as a positive desideratum. In
particular, k-unanimity is a weaker notion than being in the core.'%

The TTC mechanism is a mechanism that outputs the exchange given by the

following algorithm: Let Sy := I. We start with Round 1. In Round [ of the algorithm,

16Recall that, although in the context of two-sided matching, Roth (2002) provided justification
for requiring stability as a positive desideratum, and that a matching is stable if and only if it is in
the core.

10



each agent ¢ € S;_; points to the agent who owns the most desirable object for i among
S;—1. This generates a directed graph where each node has one outgoing arrow, and
such a graph must have at least one cycle. Pick an arbitrary cycle and let the set of
agents in the cycle be S;’ ;. Have each agent in the cycle receive the object that the
agent points to and let S; = ;1 \ S/ ;. The algorithm stops at the end of Round
L when S, = 0 (such L exists because there must exist at least one cycle in each
round).

We note that the TTC mechanism is individually rational, N-unanimous, N-

efficient and strategy-proof, while it is not k-robust for any k& < N.

2.2 Preliminary Results: Impossibility

We will propose in Section 2.3 a mechanism that is k-robust, k-unanimous, and k-
efficient, but the mechanism is not strategy-proof. In fact, this section shows that
strategy-proofness is incompatible with k-unanimity under k-robustness (Theorem 1).
The example we use to explain our Theorem 1 will be useful in understanding some

results that follow as well.

Theorem 1. For any I and k such that 1 < k < |I|, no k-robust mechanism is

k-unanimous and strategy-proof.

Note that the theorem rules out the cases of k = 1 and k > |I|. In those cases,
a k-robust mechanism that is k-unanimous and strategy-proof trivially exists: if k =
1, then the mechanism that always returns the original exchange (i.e., everyone is
unassigned) would do; If £ > ||, then the standard TTC mechanism would do.

To understand the idea of the proof for the (nontrivial) case of 1 < k < |1,
consider an economy with three agents, I = {1,2,3} and set k = 2. Consider the

following preferences:
12,3, 1; 93,1, 2; —3:1,2,3. (1)

See Figure 4 for a graphical representation. Consider any 2-robust mechanism
that is 2-unanimous. Since v is 2-robust, it must make at least one agent unassigned.

By symmetry, without loss of generality, let agent 1 be unassigned. Then, consider

11
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(a) Exchange under >-. (b) Exchange under (>, =2, >3).

Figure 4: Three-agent example for Theorem 1. If agent 1 is unassigned (e.g., the
exchange (2, 3) realizes) under > as in panel (a), agent 1 has an incentive to misreport
her preferences to be assigned object 3 as in panel (b).

the following misreporting by agent 1:
=1:3,2,1. (2)

Given the preference profile (>, =2, >=3), 1 must assign object 3 to agent 1 because
it is 2-unanimous and agents 1 and 3 deem each other as the first choice. But then,
this ¢ is not strategy-proof because agent 1 is better off by misreporting >~} when
her preferences are .17

The idea of this example is that if the outcome of a k-unanimous mechanism is not
desirable for an agent (in our example, agent 1 is unassigned, which is not desirable
for her), she can misreport her preferences to designate an alternative object to be the
first choice, thereby creating a unanimous trading cycle which, by k-unanimity, the
mechanism has to implement. The proof of Theorem 1 in the Appendix generalizes
this idea to the case with any & and any number of agents.!® We note that the
same idea is also used in proving strategic problems with the TTC mechanism in the
dropout model (Theorem 4).

We note that the statement of the theorem does not require individual rationality.

1"The setup of this example is essentially the same as one proposed by Gale and Shapley (1962)
in the context of a roommate problem, where they show that no stable matching exists. Here we
use a similar argument to show that 2-unanimity is incompatible with strategy-proofness, and our
Theorem 1 extends such an argument for any cycle size k.

I8 A notable feature of this example is the cyclical nature of preferences. This raises a question
of whether the impossibility still holds when we restrict attention to a narrower class of preferences
that excludes some cyclicality. In Kamada and Yasuda (2025), we consider single-peaked preferences
and show that the impossibility still holds, using a more contrived construction of preferences.

12



The reason is that k-unanimity and strategy-proofness imply individual rationality.
This is because one can always claim her own object as her first choice, by which she
can form a unanimous trading cycle of size 1.2

Theorem 1 implies that one has to make a choice between k-unanimity and
strategy-proofness under k-robustness. Our k-robust mechanism in Section 2.3 is
k-unanimous, and thus, it is not strategy-proof. The primary reason why we made
this choice is that, as we discussed, k-unanimity is a property that has normative
and positive appeals. Another reason is that strategy-proofness severely restricts
the scope of possible mechanisms. In fact, a straightforward corollary of Nicol6 and
Rodriguez—Alvarez (2012) is that strategy-proofness is incompatible with k-efficiency

as well under k-robustness and individual rationality, as we formally state below.?!

Proposition 1 (Nicol6 and Rodriguez-Alvarez (2012)). For any I and k such that
1 < k < |I|, no k-robust mechanism is individually rational, k-efficient and strategy-

proof.??

To summarize our preliminary analysis, we motivated the mechanism in the next
section by showing that k-unanimity and strategy-proofness are incompatible with
each other under k-robustness. Since k-unanimity seems to be a minimal desideratum
and strategy-proofness imposes quite a bit of restriction (Proposition 1), we will drop
strategy-proofness in search of a better mechanism. We will, however, discuss (good)

incentive properties of our mechanism as well (Proposition 2).

2.3 k-Greedy Algorithm

We propose a class of mechanisms, k-greedy mechanisms, that satisfy k-unanimity and

k-efficiency. By Theorem 1 (or Proposition 1), those mechanisms are not strategy-

19This result is formally stated in Lemma 1 in the Appendix.

20In the next result (Proposition 1), we switch k-unanimity with k-efficiency, and thus we will
need to impose individual rationality separately.

21Nicolé and RodrigueZ-Alvarez (2012) consider a setting where agents cannot misreport their
ranking over objects except that they can misreport the cutoff between acceptable and unacceptable
objects. We note that the conclusion of our Theorem 1 does not hold in such an environment. Indeed,
if we consider a mechanism based on only running Round 0 of the k-greedy algorithm that we present
later, then such a mechanism is k-robust, k-unanimous, and strategy-proof in their environment.

22As in the case of our Theorem 1, the proof in Nicolé and Rodrl'guez—Alvarez (2012) relies on a
cyclical nature of preferences. In Kamada and Yasuda (2025), we consider single-peaked preferences
and show that the impossibility still holds when & > 3 using a more contrived construction of
preferences, but we also show that there is a 2-robust mechanism that is individually rational,
2-efficient and strategy-proof under single-peaked preferences.

13



proof. Each mechanism in this class is based on an algorithm called a k-greedy
algorithm. This section defines this algorithm.

In order to define a k-greedy algorithm, we fix an ordering of agents, o : I — I,
which is one-to-one and onto. The interpretation is that agent ¢’s position in the
ordering is o (7). In what follows, unless explicitly noted, we consider o such that
o(i) =i for every i € I.

Given a set of agents S, their preferences (>;);cs over S, and an agent i € S,
we first define the (i, k)-serial dictatorship algorithm on S to be an algorithm that,
intuitively speaking, assigns to agent ¢ as desirable an object as possible with a
constraint that the exchange has to be done in a k-robust and individually rational
manner within the set S. Call the object agent i receives in this case object ¢’. If there
are multiple ways for agent i to receive object ', we consider giving as desirable an
object as possible to agent ¢’ under the constraint that agent ¢ receives ¢ and we satisfy
k-robustness and individual rationality. Note that agent ¢’ is not necessarily agent i+ 1
as in the standard serial dictatorship.?® Call the object agent i’ receives here object
1", If there are still multiple ways to give object ¢’ to agent i/, we assign as desirable
an object as possible to agent i” under the constraint that agent ¢ receives object 7',
agent 7’ receives object i”, and we satisfy k-robustness and individual rationality, and
so on. We continue this process, which forms a unique cycle. We provide a formal
description of this algorithm in the Appendix.

We use the (i, k)-serial dictatorship algorithm on S to define the k-greedy algo-
rithm. The latter algorithm starts with Round 0.

k-Greedy Algorithm:

Round 0: Define u° as follows: If agent j is involved in a unanimous trading cycle,

then u? is set to be agent j’s first-choice object according to ;. Otherwise, M? = 7.
Define S° := {j € Ilu = j}. Go to Round 1.

Round 1: If |I| = 1, end the algorithm and output u°. Otherwise, if agent 1 is not
in SO, let ! := p® and S = S° and go to Round 2. Otherwise, run the (1, k)-serial
dictatorship algorithm on S°. Let the outcome be fi'. Define p' as follows: juj =
if j € I\ S® and puj = fi; if j € S°. Define S* := {j € S°|a; = j} \ {1}. Go to Round
2.

Round i (i > 2): If i = |I|, end the algorithm and output pl/I=*. Otherwise, if agent

23See footnote 24 for a more detailed comparison with the standard serial dictatorship.
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i is not in S, let p! := pi~! and S* = S, and go to Round ¢ + 1. Otherwise, run
the (i, k)-serial dictatorship algorithm on S*~!. Let the outcome be fi*. Define u' as
follows: pf = pi~"if j € I\ S and ! = i} if j € S*'. Define S* := {j € S|} =
Jj}\ {i}. Go to Round i+ 1.

This algorithm ends at Round || and outputs a well-defined exchange.

The idea is simple: In Round 0, we implement all unanimous trading cycles with
size k or fewer so that the resulting exchange satisfies k-unanimity. Then, in Round
1, we run the (1, k)-serial dictatorship, that is, agent 1 becomes the dictator first if
she was not assigned in Round 0, and otherwise we immediately move to Round 2.
Then, in Round 2, agent 2 becomes a dictator if he was not assigned in Round 0 or
Round 1, and otherwise we immediately move to Round 3, where we consider agent
3, and so on.

The algorithm runs reasonably quickly, making it useful in practice.
Theorem 2. The k-greedy algorithm terminates in polynomial time.

The key step in the proof is to note that there are at most N*~! different cycles
that involve agent ¢ and satisfy k-robustness. Since the algorithm essentially con-
ducts a version of serial dictatorship in this set of cycles, the algorithm terminates in

polynomial time.?*

Remark 1. Round 0 of the k-greedy algorithm only runs unanimous trading cycles
with size k or fewer. The Online Appendix analyzes an alternative algorithm, called
the modified k-greedy algorithm, that replaces this round with iterative steps in
which, after all unanimous trading cycles with size k or fewer are eliminated, the top
trading cycles with size k or fewer are implemented until there are no such cycles. It
turns out that the set of exchanges induced by the modified k-greedy algorithm may
be disjoint with what we call the k-robust core, which is the set of exchanges that are

robust to coalitions of size k or fewer, even when the k-robust core is nonempty. We

24Such a proof method is not applicable if we simply apply serial dictatorship under the constraint
of k-robustness (that is, we first consider the set of exchanges where agent 1 receives as desirable
an object as possible among all k-robust exchanges, then consider the set of exchanges where agent
2 receives as desirable an object as possible among the remaining exchanges, and so forth). This is
because, for example, there may exist multiple cycles in which agent 1 receives the most desirable
object among the set of k-robust exchanges, where agent 2 is involved in some of them but not
others, and whether agent 2 should be in such a cycle may depend on how that affects agent 3’s
assignment.
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Figure 5: Example 2. Each panel only depicts relevant parts of the preference profile
. Panel (a): Round 0 where we consider all agents’ first choices and find cycles with
size k or fewer. Panel (b): Round 1 where we give as desirable an object as possible to
agent 1. Panel (c¢): Round 4 where we give as desirable an object as possible to agent
4. Panel (d): Round 5 where we give as desirable an object as possible to agent 5.
Rounds 2, 3, 6, and 7 immediately end because the corresponding agents are already
assigned before the respective rounds.

also show that if the k-greedy algorithm induces an exchange in the k-robust core,

then the modified k-greedy algorithm must induce the same exchange.
Let us illustrate the workings of the k-greedy algorithm using an example.

Example 2 (k-greedy algorithm). Consider an economy with eight agents, I =
{1,2,...,8} and set k = 3. Consider the following preferences:

=1:2,4,6,7,1; =90 3,2; —3:2,3; =4:6,7,4;
5.4, 5; ~¢: 7,8,6; —7:8,4,5,7, —g:4,6,7,1,8.

See Figure 5 for a graphical representation.

Round 0: We first find unanimous trading cycles. By inspection, we can see that
there are two unanimous trading cycles, which are (2,3) and (4,6,7,8). Since the
cycle sizes are 2 and 4, respectively, only the cycle (2,3) is implemented because
k = 3. This means that 9 = 3, u§ = 2, and p = j for all agents in S° = I'\ {2,3} =
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{1,4,5,6,7,8}.
Round 1: We run the (1, k)-greedy algorithm on S°. For this, we aim to find a way to
give as desirable an object as possible to agent 1. Since her first-choice object, which
is object 2, is already taken in Round 0, we consider her second choice, namely object
4. There is no way to assign this object to agent 1 by forming a cycle of size 3 or
fewer in an individually rational manner (the cycles (1,4,6,7,8) and (1,4, 6, 8) would
satisfy individual rationality, but their cycle sizes exceed k). Hence, we consider agent
1’s third choice, which is object 6. There is exactly one way to assign this object to
agent 1, which is to form a cycle (1,6,8) (the cycle (1,6, 7,8) would satisfy individual
rationality, but its cycle size exceeds k). Hence, we implement this cycle. This gives
us:
(b, i, i, i, ik, i) = (6,4,5,8,7, 1),

and thus,

(k15 fhg 13, [0, 105, 165 13, p1g) = (6,3,2,4,5,8,7,1)

and S' = 5%\ {1,6,8} = {4,5,7}. Note that there is one more cycle in which agent
1 receives an object while satisfying individual rationality and k-robustness, which
is (1,7,8). This cycle gives agent 1 her fourth choice while giving agent 7 her first
choice object, 8. In contrast, the (1, k)-greedy algorithm chooses (1,6, 8), which gives
agent 1 her third choice while eliminating the possibility for agent 7 to receive her
first-choice object 8. Since the (1, k)-greedy algorithm gives priority to agent 1, the
algorithm chooses the cycle (1,6, 8) over (1,7,8).

Rounds 2 and 3: Since agent 2 is not in S!, we let y? = p! and S? = S = {4,5,7},
and this ends Round 2. Since agent 3 is not in S?, we let p* = p? and S® = S? =
{4,5,7}, and this ends Round 3.

Round 4: We run the (4, k)-greedy algorithm on S3. For this, we aim to find a way

to give as desirable an object as possible to agent 4. Since her first-choice object,
which is object 6, is already taken in a previous round, we consider object 7, which is
her second choice. There are two ways to assign this object to agent 4, which are to
form a cycle (4,7) or (4,7,5). Note that both cycles give agent 4 object 7, and hence
we look at agent 7’s preferences. Since agent 7 prefers receiving object 4 to receiving
object 5, we implement the cycle (4,7). As will be clear, this will imply that in the
subsequent steps, agent 5 will be unassigned. Thus, in a sense, this algorithm gives

priority to agent 7 instead of agent 5, although agent 7 is ordered later than agent 5
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according to o (which specifies (i) = ¢ for all ¢).%> This gives us:

(a5, i3, @2) = (7,5,4),

and thus,
(13, s, s, i, i, i, 13, ) = (6,3,2,7,5,8,4,1)

and S* = 83\ {4,7} = {5}.

Round 5: We run the (5, k)-greedy algorithm on S*. For this, we aim to find a way
to give as desirable an object as possible to agent 5. Since all choices but her own
object are already taken in the previous rounds, we can only form a cycle of size 1,
which involves agent 5 alone. Hence, we implement this cycle, which gives us 2 = 5,
and thus,

(K7 13, 103, 163, 163, 1, 17 13) = (6,3,2,7,5,8,4,1)
and S® = 5%\ {6} = 0.
Rounds 6 and 7: Since agent 6 is not in S°, we let u® = p° and S® = S® = (), and this
ends Round 6. Similarly, since agent 7 is not in S%, we let u” = b and S7 = S = 0,
and this ends Round 7.

Round 8: Since 8 = |I|, we end the algorithm and return .

Thus, the output of the k-greedy algorithm, denoted /i is

([Lla ﬂ?a ,[L?n [L4, ,a57 ,&67 1&77 ﬂ8) = (67 37 2a 77 57 87 4a 1) O

Define the k-greedy mechanism to be the mechanism that outputs the outcome
of the k-greedy algorithm for any input. When we make the dependence of the
associated k-greedy algorithm on the ordering o explicit, we call the mechanism the
k-greedy mechanism with o.

This mechanism has desirable properties, as stated in the following theorem:

Theorem 3. The k-greedy mechanism is a k-robust mechanism, and it is individually

rational, k-unanimous, and k-efficient.

Theorem 1 and Theorem 3 (or Proposition 1 and Theorem 3) together imply that
a k-greedy mechanism with given ¢ is not strategy-proof. This may question the

applicability of a k-greedy mechanism in practice. The next result, however, suggests

25Cf. footnote 24.
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that there is no “obvious way” in which agents can improve their assignment under
a k-greedy mechanism.

Say that preference relation >, is equivalent to >, if, for any j, ;' € I, we have
j g ~tiif and only if j >; j >; 7. In other words, the two preferences agree with

each other for the set of acceptable objects and the rankings among them.
Proposition 2. Fix any I, k, and >;.

1. There is no =, such that for any ordering o, there is =_; such that we have

Yi(L, ;) =i ¥i(>=) where ¢ is the k-greedy mechanism with o.

2. There is no >, such that for any =_;, there is ordering o such that we have
Wi(>h, = i) =i ¥i(>) where 1 is the k-greedy mechanism with o.

3. If k > 3, then there is no > that is not equivalent to >=; such that for any
=_;, there is ordering o such that we have V¥;(>=}, >=_;) =; ¥;(>=) where 1 is the

k-greedy mechanism with o.

The first part is motivated by the flexibility in choosing ¢. In practice, the designer
may want to randomize over possible ¢’s. The result shows that there is no misre-
porting that “works” for all possible orderings: agent ¢ cannot find a misreporting
that, for any possible orderings, makes her strictly better off under some preference
profile of other agents.

The second and the third parts show that there is no misreporting that “works”
for all possible preference profiles of the other agents. More specifically, the second
part shows that agent ¢ cannot find a misreporting that, under any possible preference
profile of others, makes her strictly better off for some ordering.

The third part is similar to the second part but shows a stronger result for the case

2. agent i cannot

when k& > 3 by replacing strict preferences with weak preferences
find a misreporting with a different ranking over acceptable objects that, under any
possible preference profile of others, makes her weakly better off for some ordering.
That is, for any misreporting that changes the ranking of acceptable objects, there

must exist a preference profile of others that makes agent ¢ strictly worse off for any

26 An analogue of this strengthening for part 1 would not work: If =_; is such that all j # i
regards object j as the first choice, then >; would always do as good as >; under any o because
agent i receives object i anyway. In the Online Appendix, we provide an example to show that even
a weaker claim does not hold either, where the strict preferences are replaced with weak preferences
with at least one strict relation.
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ordering. Note that this conclusion does not generally hold for k = 2. This is because,
if o(i) = |I], i.e., agent i is at the end of the ordering, then agent i’s ranking over the
objects whose owners are ordered before i according to o does not affect the object

that agent i receives, as long as they are not in the first place (so they are irrelevant
127

i

in Round 0) and are deemed acceptable under >

3 Dropouts

Now we consider a model in which, after a given mechanism I'" is implemented, each
agent drops out of the market with probability p independently. We call such an
agent a dropped agent, and the dropped agent receives her own object. If agent ¢
is in a cycle in which there is at least one dropped agent, then agent ¢ receives her
own object i.2* We call such agent i (who is not a dropped agent) an affected agent.
Other agents receive the object specified by the outcome of mechanism I'. If agent @
receives object j, then her payoff is u;;, where, for each j, ;" € I, we have u;; > w;;
if and only if 7 >=; j. As in the previous section, we assume strict preferences, and

hence, we have wu;; # w;; for all j, 7" € I with j # j'. This market is characterized by
(N, T, p, (uig)i<ij<n)-

3.1 Preference Submission Game

We first view a market (N, I', p, (u5)1<ij<n) @s a game in which agents simultaneously
submit strict ordinal preferences to the mechanism and dropouts occur as specified
above. Say that it is a preference submission game (N, I', p, (u;j)1<i j<n)-

Since the preference submission games involve probabilities of dropout, agents’
best response depends, in general, not only on their ordinal preferences but also on
cardinal preferences. The next theorem shows that there are cardinal preferences

such that agents have incentives to misreport their ordinal preferences in the pref-

2TMore specifically, suppose that o(i) = |I|. In such a case, any >~/ that agrees with >; in (i) the
first-choice object and (ii) the set of other acceptable objects would result in ¢; (>}, =_;) = 1;(>) for
any >_;. If =; deems three or more objects as acceptable besides object 4, then >, can be different
from >;.

280ne could imagine an alternative model in which the agents who are affected by a dropped
agent would participate in a certain rewiring process among themselves. While we do not primarily
consider such a scenario to focus on the first-order effect of dropouts, we briefly discuss this issue in
Section 4.3.
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erence submission game under the TTC mechanism. That is, the TTC mechanism,
which is strategy-proof in the standard environment, may also suffer from strategic

manipulation.

Theorem 4. Suppose that I' is the TTC mechanism. For any (N,p) such that N >3
and p > 0, there exists (u;;)1<ij<n such that truthful preference submission by all

agents is not a Nash equilibrium of the preference submission game (N,I', p, (wij)1<i j<n)-

To prove this result, we consider the preference profile (1) in Section 2.2 (depicted
in Figure 4). This example features a unanimous trading cycle of size 3. But if an
agent’s second-choice object is almost as good as her first-choice object, then she could
misreport that her true second choice was her first choice, by which she would form a
unanimous trading cycle of size 2. By this misreporting, the agent could reduce the
risk of someone in the cycle dropping while receiving an object that is almost as good
as her first choice, so this misreporting would improve her payoff. This is a novel
economic force revealed through our introduction of the dropout model.

Note that the intuition is similar to that of Theorem 1. There, forming a 3-cycle
was prohibited, so the agent who would be unassigned had an incentive to misreport
that her true second choice was her first choice. This enabled her to form a 2-cycle.
In Theorem 4, forming a 3-cycle is not prohibited but is risky, and an agent was able
to initiate the same misreporting to form a 2-cycle to improve her payoff.

The result can be generalized as follows, which reinforces the appeal of the k-

greedy mechanisms with small values of k.

Proposition 3. Fizt N > 2 and | € {2,...,N}. For each k < N, fix an ordering
o and the k-greedy mechanism with o, denoted T*. For any p > 0, there exists
(wij)1<ij<n such that truthful preference submission by all agents is a Nash equilibrium
of the preference submission game (N,T* p, (ui;)1<ij<n) for any k <1, but it is not

a Nash equilibrium of (N,T%, p, (uij)1<ij<n) for any k > 1.

The result demonstrates a sense in which truthtelling becomes more and more
difficult to incentivize as k increases. Under such an interpretation of the result,
k-greedy mechanisms (especially with small k) can be said to have a good incentive
property compared with the TTC mechanism because the largest k corresponds to
the case of the TTC mechanism.

To prove this result for a given [, we consider a utility function such that the

utilities from the first N — [ + 1 choices are high and close to each other, while
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the rest of the utilities decrease exponentially fast. With such a utility function,
attempting to form a cycle smaller than size k£ would not pay off if £ < [ while it does

if k£ > [ (forming a larger cycle is infeasible under the k-greedy mechanisms).

3.2 Top Trading Cycle Algorithm vs. k-Greedy Algorithm

In practice, the constraint of k-robustness may be hard or soft. When it is a hard
constraint and k < |/|, one cannot use the TTC mechanism because it is not k-robust.
When the constraint is a soft one, one could still use the TTC mechanism instead of
k-greedy mechanisms, but doing so has benefits and costs. On the one hand, in an
ideal situation, no agents would drop out of the mechanism and the TTC mechanism
achieves efficiency, while the k-greedy mechanisms typically lead to a welfare loss due
to their limited cycle sizes. On the other hand, if more agents drop out, then the
TTC mechanism can lead to a significant loss in welfare because the entire group of
agents in a cycle would be affected by just one agent dropping out of the cycle.

We use theory and simulations to evaluate this trade-off. In this subsection, we
show limit results as the number of agents goes to infinity: the fraction of assigned
agents tends to 0 under the TTC mechanism, while it is bounded away from 0 under
k-greedy mechanisms with k£ > 2. Then, in Section 4, we discuss our simulation results
which demonstrate that k-greedy mechanisms outperform the TTC mechanism. We
assume truthful reporting throughout these analyses.

Fix p > 0 and consider a sequence of random markets, parameterized by the
number of agents, N. For each N, each agent’s ranking over objects in I is drawn
uniformly over all possible rankings, independently across agents. In such a market,
let F(N;T,p) be the expectation of the fraction of assigned agents under mechanism

I' and the dropout probability p, assuming the truthful reporting of the preferences.
Theorem 5. Fix p > 0. The following two limit results hold.

1. limy_ o F(N;T,p) =0 if T is the TTC mechanism.

2. liminfy_,oo F(N;T,p) > 0 if ' is a k-greedy mechanism with k > 2.

That is, when there are many agents, almost all agents receive their own object
under the TTC mechanism, while a positive fraction of agents can participate in an
exchange with other agents under the k-greedy mechanisms. The theorem illustrates

the appeal of the k-greedy mechanisms over the TTC mechanism.
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The intuition for the results is the following. Under the TTC mechanism, one can
prove that almost all agents are involved in a large cycle when there are many agents,
and it is likely that at least one agent in each of such cycles drops out.?? This results
in almost all agents ending up receiving their own goods. To prove that almost all
agents are involved in a large cycle, we invoke the result of Frieze and Pittel (1995)
that provides a bound on the number of cycles for large random exchange markets.
For k-greedy mechanisms, if the vanishing fraction of agents are assigned, we show
that it would contradict the k-efficiency of k-greedy mechanisms in Theorem 3. More
specifically, if most agents become unassigned, it is unlikely that we cannot find any
mutually acceptable pairs in the pool of unassigned agents, given that the preferences
are uniformly random. However, k-efficiency of k-greedy mechanisms implies that,
under the exchange produced by any k-greedy mechanisms, there are no pairs of
agents among those who are unassigned such that they find each other acceptable,

and this is a contradiction.

4 Simulations

4.1 Simulation Overview

To further compare the performances of the k-greedy mechanisms and the TTC mech-
anism, we ran simulations. Specifically, we varied the mechanism and the parameters
(N,p), and each specification is iterated 100 times. In our baseline market, w;; is
independently drawn according to the normal distribution N(0, 1).

Before going into the details, let us summarize the main takeaways from the

simulations. A fuller account is provided in Section 4.2.

1. Even when (in fact, especially when) N is large, the k-greedy mechanism with
a small k (such as k = 2,3,4,5) would be sufficient to outperform the TTC

mechanism.

2. Compared to the TTC mechanism, the outcome of the k-greedy mechanism

tends to have a relatively smaller number of agents who are assigned their very

29We note that the use of the terminology “large cycle” is different from the one in the standard
network theory, where it would mean a cycle that encompasses a positive fraction of all agents.
Instead, our claim here is that, for any fixed (possibly very large) number K, the expected fraction
of agents who are in a cycle of size at least K tends to 1 as N goes to infinity.
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good and very bad choices, while relatively more agents are assigned moderate

choices.
3. Increasing p or N makes the TTC mechanism perform relatively worse.

These conclusions are obtained in our rather special specification with independent
and symmetric preferences. This setting is generalized in various directions in the
Online Appendix, and we find that the main findings above are robust to those
generalizations. Moreover, we uncover additional insights from each of such modified
settings. We briefly review those insights in Section 4.3.

The overall message of this section is that the use of the TTC mechanism may
be practically problematic. However, the TTC mechanism was used in some school-
choice environments. In Section 4.4, we discuss why the TTC mechanism could be

used in such a context.

4.2 Details of the Results

Let us now be more detailed about our simulation results. Figure 6 demonstrates the
performance of each mechanism. In the graphs, each curve represents a mechanism.
The horizontal axis represents the rank of the object received by agents, and the
vertical axis shows the number of students who are assigned an object ranked at the
k-th place or better. The left panel is for the case with N = 1000 and p = 0.1, and
the right panel is for N = 200 and p = 0.05. Each curve represents the average of
relevant values for 100 iterations with a 95% confidence interval.>® For example, the
left panel shows that, on average, 447 students are assigned the 51st or better objects
under the 2-greedy mechanism. By definition, one can interpret a mechanism to be
“better performing” than another if the former has a curve above the one for the
latter. The graphs in Figure 6 show that the k-greedy mechanisms perform mostly
well relative to the TTC mechanism. In what follows, we explain our findings in more
detail.

1. When N is large, the possibility of large cycles under the TTC mechanism
has two effects on the relative performance of k-greedy mechanisms. On the
one hand, the gain from not restricting to cycles with size only k or fewer is

large. On the other hand, the risk of dropouts becomes large. We know from

39Some confidence intervals are so narrow and hard to see. See item 5 below on this point.
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Figure 6: The performance of each mechanism under the TTC mechanism and the
k-greedy mechanisms for £ = 2,3,4,5. We set N = 1000 and p = 0.1 in the left panel
and N = 200 and p = 0.05 in the right panel.

Theorem 5 that the second effect will become larger and larger as N tends to
infinity. Moreover, this effect is magnified due to the fact that larger cycles
are typically formed at earlier steps of the algorithm for the TTC mechanism,
where better-ranked matches occur. The first effect is especially large when k
is small. In the left panel of Figure 6 where we set N = 1000 and p = 0.1, the
second effect dominates even when k is as small as 2-5. We also find that, at

larger values of k,the performance of the k-greedy mechanisms become worse.3!

2. Although the k-greedy mechanisms first-order stochastically dominate the TTC
mechanism in the left panel of Figure 6, it is not a general pattern. For smaller N
and smaller p, the TTC mechanism tends to assign either very desirable objects
(when there are no dropouts, which is not too unlikely given small N and p) or
very undesirable objects (when there are dropouts) to the agents, as shown in
the right panel of Figure 6. In contrast, under the k-greedy mechanisms, the
agents do not receive very desirable objects due to the cycle size constraint, but
the dropout probability is small. For this reason, agents are typically assigned
moderately desirable objects. Similarly, there is no clear dominance relationship

among k-greedy mechanisms with small values of k (k = 2,3,4,5).

3. What is the effect of increasing the dropout probability? The left panel of
Figure 7 illustrates the effect of varying p for a fixed N, where we plot the

31For example, when N = 200 and p = 0.05, the performance of the 10-greedy mechanism is
similar to that of the TTC mechanism.

25



2.5

\ --- TTC
\ 1-greedy
—— 2-greedy
—— 3-greedy
—— 4-greedy
—— 5-greedy

2.04

=
w

Average payoff
=
o

Average payoff

o
o
]
]
iy
Q
o
o
o
<

0.09 0.00 4 - —— — 5-greedy

0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200 200 400 600 800 1000
Dropout probability Number of agents

Figure 7: The average payoff under each mechanism under the TTC mechanism
and the k-greedy mechanisms for k = 2,3,4,5. The left panel varies the dropout
probability p under N = 200, while the right panel varies the number of agents N
under p = 0.05.

agents’ average payoff. It shows that the performance of the TTC mechanism
becomes relatively worse as p increases: the average payoff decreases in p for
both mechanisms, while the reduction is drastic for the TTC mechanism and
it is moderate for the k-greedy mechanisms. To see why this disparity occurs,
note that the probability that an agent in a cycle with size [ drops out or is
affected is 1 — (1 — p)!. The derivative of this probability with respect to p is
—I(1 —p)t ~ —I(1 — (I — 1)p) for small p. For small p, the absolute value of
this slope is large when [ is large. Since there is a small bound on the cycle
size under the k-greedy mechanism with small k£ while there is no such bound
under the TTC mechanism, we obtain the relationship as in the graph. Note
also that the simulation result shows that the effect of the difference in the cycle
sizes is so significant that the k-greedy mechanisms mostly outperform the TTC

mechanism even when p is as small as p = 0.05 (for small k£ > 3).

4. Next, consider the effect of increasing N. There are two effects associated
with this change. First, the choice set expands, which implies that for any
given agent and a given cycle size, it becomes easy to form a cycle with that
size where the agent receives an object with a higher payoff. Second, for the
TTC mechanism, the expected cycle size becomes larger, which can negatively
affect its performance. This latter effect, however, barely exists for the k-
greedy mechanisms due to the cycle size constraint. For the TTC mechanism,

Theorem 5 implies that the second effect completely dominates the first effect
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in the limit as NV — oco. The right panel of Figure 7 shows that the dominance
of the second effect holds even for relatively small N. The average payoff is
increasing in N for the k-greedy mechanisms as expected (since the second effect
barely matters), and it is decreasing in N for the TTC mechanism, resulting in

the dominance of the second effect.

5. In Figures 6 and 7 (and in any graphs we present in the Online Appendix
with the same axes), the confidence intervals of the k-greedy mechanisms tend
to be narrower than those for the TTC mechanism. This suggests a yet new
advantage of the k-greedy mechanisms in terms of the predictability of the
welfare distribution. The differences in the widths of the confidence intervals
arise because it is much less likely under the k-greedy mechanism to become
an affected agent. This implies that the rank of the object that a given agent
receives is close to deterministic when N is large.?? In contrast, under the TTC
mechanism, (i) agents receive highly desirable or highly undesirable objects
depending on whether they are affected by other agents’ dropout, and (ii) agents
are likely to belong to large cycles and the probabilities of being affected (i.e.,

at least one agent in the cycle drops out) are high in large cycles.

4.3 Modifications

To test the robustness of our simulation results, the Online Appendix considers various
modifications of our base model. More specifically, we consider the case when there
are ex ante popular and unpopular objects, the case when the market is two-sided,
and the cases when each agent has an ad-hoc utility/disutility for the object that
they originally own. We also tested some mixtures of those models. In any of these
specifications, we observe the robustness of the effect that the k-greedy mechanisms
with small values of k perform relatively well even with small p. Additionally, we find
that some of these modifications amplify this effect.

As the first paper providing an economic analysis of the dropout problem, to focus
on first-order issues, we did not primarily consider situations in which the affected
agents take part in a rewiring process after dropouts happen. The Online Appendix,

however, considers such situations as well. Specifically, we consider centralized and

32Indeed, it is evident in the right panel of Figure 7 that the confidence intervals become narrower
and collapse as N increases.
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decentralized rewiring processes. Under the centralized rewiring process, as an ex-
treme scenario, we let all the affected agents participate in the given mechanism and
none of them drop out of the market. In reality, however, some of the affected agents
may not participate in the rewiring process and, even if they do, they may drop out
after the process is run. Thus, we consider a setting where those reassigned agents
again drop out with probability p and the agents in the same cycle are affected. We
find that, although the TTC mechanism outperforms k-greedy mechanisms in the
first unrealistic specification, our main insights from Section 4.2 carry over to the
second specification. Under the decentralized rewiring process, we assume that the
affected agents are randomly paired up, and the two agents in a pair exchange their
objects if they find each other’s object acceptable. We then consider a rather unreal-
istic situation where any agents who did not exchange their objects in their pair are
randomly paired up again, and this procedure continues indefinitely until no pair can
be formed to exchange objects in an “acceptable” manner. We find that, under both
settings, the k-greedy mechanisms with small values of k outperform the outcome of

the TTC mechanism. The details are in the Online Appendix.

4.4 School Choice

The simulation results so far demonstrate that the TTC mechanism performs poorly,
providing an explanation for why the TTC mechanism is not widely used in practice.
TTC, however, was used in some school-choice contexts, such as New York City and
New Orleans, where students can be thought of as being endowed with a school (for
example, the “walk zone school”).3® Why is this the case?

We view that the key is in how “soft” the capacity constraint is. In the house
exchange problem, it would be practically infeasible for multiple agents to consume
the same object. Thus, once an agent in a given cycle drops out, all agents in the cycle
have to become unassigned. The school-choice situation is different in that it would
not be fatal for schools to accommodate slightly more students than their capacity
because they typically have many available seats. Hence, even if one student drops

out of a cycle, one could imagine a system that lets the other agents in the cycle

33New York City has adopted a version of the TTC mechanism in a reassignment process of high
school students for several years (Morrill and Roth, 2024), and the Recovery School District of New
Orleans used the TTC mechanism for one year (Abdulkadiroglu et al., 2017). In addition, the school
board of San Francisco approved the adoption of the TTC mechanism but it was never implemented
(Abdulkadiroglu et al., 2017).
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receive the school seat specified in the cycle and only changes the assignment of the
dropped student to the school she was initially endowed with, such as the “walk-zone
school.” One concern, then, is that such a system may result in a significant excess
of the number of students who are assigned a given school compared to that school’s
capacity, when many dropout students return to the school. In the Online Appendix,
we provide simulation results to demonstrate that such a concern may not be too
much of an issue: although the number of students who return to the endowed school
can be large, the resulting excess (i.e., the number of returning students minus that

of the students who leave) is typically much smaller.

5 Conclusion

We considered a problem of “robust exchanges.” When cycle sizes are restricted to be
k or fewer, there is no strategy-proof mechanism that always implements a cycle such
that every agent receives their first-choice object, if any. Given the impossibility, we
proposed the k-greedy mechanism, which always implements such a cycle and is (con-
strained) efficient. Although the mechanism necessarily violates strategy-proofness
given these conditions, we have shown that it possesses various desirable strategic
properties. We then considered the possibility of using the k-greedy mechanism in
a model where there is no cycle-length constraint but each agent drops out with a
fixed probability p. We showed, both theoretically and through simulations, that the
k-greedy mechanisms (with small values of k) outperform the TTC mechanism.

Our paper opens a variety of avenues for future research. First, as far as we know,
our paper is the first to consider the possibility of dropouts seriously, analyze its
effect, and propose a remedy. Being the first paper, we started with the simplifying
assumption that the dropout probability is the same p independently across agents
and their assignments. In the future research, one could consider endogenizing p,
that is, p depends on the object received. Such an assumption might be particularly
plausible if the reason for the dropout is to receive an outside option whose value
realizes only after the mechanism is run. In such a case, p would be higher for agents
who receive less desirable objects from the given mechanism.

Second, we could develop a theory of optimal k. Our simulations show that k-
greedy mechanisms with small values of k generally outperform TTC mechanisms,

and large values of k do not work well. We did not delve into the question of which
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k would be optimal, and such an analysis would need a more specific performance
measure of mechanisms than what we have now.

Third, there may be other ways to guarantee k-robustness than using a k-greedy
mechanism. One possibility that is frequently suggested to us is to partition the set
of agents into groups of k agents (with some adjustment when N is not divisible by
k), and then apply the TTC mechanism within each group. Such a mechanism would
not be k-unanimous or k-efficient, and according to our simulations, its performance
is considerably worse than the k-greedy mechanism when k is small (k = 2-5). Even
though this particular mechanism may not be ideal, there may be other k-robust
mechanisms that work well. Exploration of such mechanisms is left for future research.

Fourth, k-greedy mechanisms impose a hard constraint of cycle size k. As we
have seen, the restriction entails a tradeoff between a lower likelihood of agents being
affected by a dropout and reduced efficiency when there is no dropout. One could
consider optimizing against this tradeoff by allowing for a certain number of larger
cycles, provided that doing so results in highly desirable assignments. One way to
generate occasional larger cycles is to again partition the set of agents and apply the
TTC mechanism within each group as described above, where each group consists of
m agents with m > k. Although such mechanisms again fail to be k-unanimous or
k-efficient whenever m < N, we simulated various values of m and found that the
larger values of m work better than k. One would then be interested in identifying the
optimal m. Such an analysis would again need some specific performance measure,
and thus, it falls outside the scope of the current paper.

There are many ways to develop the theory for the cycle-size restriction, even
without the possibility of dropouts. For example, one could characterize the maximal
domain of preferences such that the impossibility results as in Section 2.2 hold. Ka-
mada and Yasuda (2025) consider single-peaked preferences, motivated by the cyclic
nature of the preferences in the counterexamples in Section 2.2, but other ways of
restricting the preference domain may be possible. Another possibility is to generalize
the model of exchange to allow for agents with no endowment and objects that are
not initially owned by any agents. In such a market, under the assignment gener-
ated by the TTC mechanism (with an appropriate adjustment of the pointing rule as
in Abdulkadiroglu and Sénmez (1999)), whether an agent’s dropout affects another
agent would depend on their relative positions in the cycle. For example, if only an

agent without the initial endowment drops out in a given cycle, other agents in the
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cycle would not be affected. However, if an agent who received an object without an
initial owner drops out, then all other agents in the same cycle would be affected. An
analysis of this complex situation needs to wait for future research.

This paper offers the first rigorous economic analysis of the dropout problem—a
practical challenge in designing exchange markets. We hope that our study con-
tributes not only to the theoretical advancement of exchange mechanisms but also to

their practical implementation.
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APPENDIX

A (i, k)-Serial Dictatorship Algorithm on S

Given a set of agents S C I, their preferences (>;),ecs over S, an agent i € S, and
k € N, define the (i, k)-serial dictatorship algorithm on S as follows:
(i, k)-Serial Dictatorship Algorithm on S:

Consider a graph, denoted by G, with the set of nodes being S where the node

corresponding to a given agent has an outgoing arrow to every node corresponding
to an object that is acceptable for the agent. For any j € I, let b'(j) be agent j’s I-th

choice in S according to >;.

Step 1-1: Let j' := 4. If b'(i) = 4, then let the algorithm output u; = j for all j € S. If
bl (i) # i, check if there is a cycle on G with size k or fewer that involves the
arrow from i to b'(7).
e If there is such a cycle, then let u; = b'(i) =: 52 and go to Step 2-1.

e If there is no such cycle, then go to Step 1-2.

Step 1-1: If V(i) = i, then let the algorithm output u; = j for all j € S. If /(i) # i,
check if there is a cycle on G with size k or fewer that involves the arrow from
i to b'(7).

e If there is such a cycle, then let u; = b'(i) =: 52 and go to Step 2-1.
e If there is no such cycle, then go to Step 1-(1 + 1).
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Step m-1: Check if there is a cycle on G with size k or fewer that involves the sequence of

arrows from j! to ... to j™ to b*(j™).

e If there is such a cycle, then let pjm = b*(j™) =: jm*. If jm =i, let
w; = j for every j € S\ {j',...,7™} (which specifies the object that each
agent receives) and end the algorithm. Otherwise, go to Step (m + 1)-1.

e If there is no such cycle, then go to Step m-2.

Step m-l: Check if there is a cycle on G with size k or fewer that involves the sequence of

arrows from j! to ... to j™ to b'(j™).

e If there is such a cycle, then let pm = b'(j™) =: jmF. If jmF =4, let
p; = j for every j € S\ {j',...,7™} (which specifies the object that each
agent receives) and end the algorithm. Otherwise, go to Step (m + 1)-1.

e If there is no such cycle, then go to Step m-(I + 1).

This algorithm ends in a finite number of steps and outputs a well-defined exchange

B Proofs

B.1 Proof of Theorem 1

We first provide a lemma that is useful for proving Theorem 1.

Lemma 1. For any I and k such that 1 < k < |I|, if a mechanism is k-unanimous

and strategy-proof, then it is individually rational.

Proof. Take a mechanism 1 that is k-unanimous and is not individually rational.
Then, there are a preference profile (>;);ecr and an agent i such that i >; ¥;((>;)er)-
But consider any >, whose first choice is object i. Then, k-unanimity and k& > 1
imply that v;(>}, (~;);2) = ¢. This implies ;(>}, (>;);2) =i ¥i((>;)jer). This
shows that 1 is not strategy-proof, completing the proof. O
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Proof of Theorem 1. Since the core idea of the proof is explained via the 3-agent
example in the main text after the statement of Theorem 1, we relegate the formal

extension of that agrument to the Online Appendix. m

B.2 Proof of Theorem 2

Proof. First, we show that Round 0 terminates in polynomial time. To see this,
consider a procedure where we start with an arbitrary agent and follow outgoing
arrows where agent ¢’s arrow points to agent j if object j is agent i’s first-choice
object. At some point in the sequence of agents connected by arrows, there must
be an arrow that points to an agent who was already pointed to along the sequence.
This procedure defines a cycle. If the cycle size is k or fewer, we implement the cycle
and remove all the agents who were involved in the sequence of agents. Otherwise, we
remove all the agents who were involved in the sequence. Once we remove agents, we
again start with an arbitrary agent and follow the same procedure, and we continue
having this procedure until no more agents are left. Since (i) each procedure takes at
most N steps because there are only N agents and (ii) at least one agent is involved
in a cycle that is implemented and/or is removed for each procedure, Round 0 takes
at most N? steps.

Second, we show that each round 7 terminates in polynomial time for each i € I.
If agent 4 is not in S*~! (i.e., agent i was assigned in a previous round), then this
round takes only 1 step. Otherwise, we consider the following two procedures.

In the first procedure, we note that there are at most N*~! different cycles that

34 For those cycles, we first

agent ¢ can be involved with in any k-robust exchange.
remove all cycles such that some agent receives an object that she deems unacceptable.
Since we check at most k agents for each cycle, this procedure takes at most k- N¥~!
steps. Let C! be the set of remaining cycles.

In the second procedure, we form a cycle. We begin with identifying the object
that agent i receives. In at most N*~! steps, we can identify the best object that

agent i receives among the cycles in C', which has at most N¥~! possible cycles.

34This can be shown by mathematical induction. First, the claim obviously holds for k£ = 1.
Suppose that the claim holds for k£ = [. That is, we suppose that the number of different cycles that
agent i can be involved with in any k-robust exchange is at most N'~!. Then, the number of different
cycles that agent i can be involved with in any k-robust exchange is at most N'=! + H;,ZI(N =1,
which is no greater than N'~! + N!=}(N — 1), which is equal to N'. Thus, the claim holds for
k=1+1.
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This object is denoted j2. Let C? be the set of cycles in C* such that agent i receives
object j2. If j2 = 4, we terminate the procedure, and in this case, the number of steps
for this procedure is N*~1. Otherwise, for each of the cycles in C? (which has at most
N1 cycles), we can identify the best object that agent j2 receives in C2. This object
is denoted j2. Let C? be the set of cycles in C? such that agent j? receives object j3.
In general, if j' = i, we terminate the procedure, and in this case, the number of steps
for this procedure is (I — 1) - N¥~1. Otherwise, for each of the exchanges in C* (which
has at most N*~! cycles), we can identify the best object that agent j' receives in
C'. This object is denoted j'*1. Let C'*! be the set of cycles in C? such that agent ;!
receives object j*!. Note that, by the definition of the procedure, if j' # i holds for
all ] € {2,...,k} then j* must deem agent i as acceptable. In that case, the number
of steps for this procedure is k - N*~1.

This implies that Round i takes at most 2k - N*~1 steps.

Overall, since Round 0 takes at most N? steps and each Round ¢ takes at most

2k - N*=1 steps, the k-greedy algorithm terminates in polynomial time. O]

B.3 Proof of Theorem 3

Proof. Fix a k-greedy mechanism I'. It is k-robust because of the description of the
k-greedy algorithm. It is individually rational because agents only point to acceptable
objects in any Round of the k-greedy algorithm. It is also k-unanimous due to Round
0 of the k-greedy algorithm. In what follows, we show that I" is k-efficient.

To show the k-efficiency, let ;1 be the outcome of I' and suppose, for a contradiction,
that it is not k-efficient. Then, there must exist another k-robust p’ such that g >=; p;
for all 7.

Consider an ordering & such that (i) = [ if agent i is the [-th agent whose
assignment is determined in the k-greedy algorithm, where we let assignments for
agents be determined one by one in Round 0 as well.*> Let i* € I be such that (i)
wi = p; for all ¢ such that (i) < 6(¢*) and (ii) pi« > pi+. That is, ¢* is the “first
agent” whose assignment differs between p and p/. But then, p;+ can never be the
most desirable object that agent i* receives under a k-robust exchange such that each

i with 6(i) < (%) receives ;. This contradicts our assumption that p is the outcome

35This ordering & may be different from the ordering o that is used in the k-greedy algorithm.
For example, if no one is assigned in Round 0 and agent 1 receives object 7 under u, then we have
a(7)=2.
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of I'. This completes the proof. O]

B.4 Proof of Proposition 2

Proof. Part 1: Fix any > and consider o such that o(i) = 1. We show that for
any >_;, we have ¥;(>) =; ¥;(>%,>_;), which proves the desired result. To simplify
notation, let j := t;(=/,>_;) and j := (>, =_;). Given the definition of the k-
greedy algorithm, agent 7 must have been assigned object 7 under the input (4, i)
either in Round 0 or in Round 1. If it is Round 0, then that means j is agent i’s
first choice according to >;, which implies j >=; 7 as desired. Thus, in what follows,
we consider the case when agent i is assigned object j under the input (4, i)
in Round 1. Now, similarly to the case of j, given the definition of the k-greedy
algorithm, agent i must have been assigned object j under the input (>, >_;) either
in Round 0 or in Round 1.

Suppose it was Round 0. This means that there was a unanimous trading cycle
with size k or less in which agent i receives j under the input (>/, >_;). Let F' be the
set of agents involved in this unanimous trading cycle. Note that, since agent ¢ does
not receive an object in Round 0, we must have F' C S° where S° is the set of agents
who received their own objects in Round 0 of the k-greedy algorithm under the input
(>4, >_;). Now, in Round 1 under the input (>;, >_;), the k-greedy algorithm finds
all the cycles with size k or less on the graph G defined in the definition of (7, k)-serial
dictatorship algorithm on S (in this proof, whenever we refer to cycles, we mean the
cycles defined there) and chooses one that gives the best object to agent ¢ among
them. Since the cycle in which agents in F' except agent ¢ receive their respective
first-choice objects is available, agent i must receive an object as good as j. This
implies j =; 7, as desired.

Suppose now that, in Round 1, agent i was assigned object j under the input
(=4 >_;). Then, S° under the input (>=;,>_;) and S° under the input (>}, >_;) are
the same as each other. The fact that agent i is assigned object j in Round 1 under
the input (>;, =_;) implies that for any j/ such that j' >, j, there is no cycle of size
k or less in which agent i receives object j’. This and the fact that agent i receives
7 under the input (>, >_;) (so there exists a cycle with size k or less in S in which
agent ¢ receives object j) imply that j >, 7, as desired.

Overall, the proof is now complete.
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Part 2: Let object j be agent ¢’s first choice.

Fix any >/ and consider >_; such that agent j’s first choice is i. We show that

for any o, we have 1;(>) =; ¥;(>}, >=_;), which proves the desired result. For any
o, given >=_; that is chosen, we have ¢;(>;, >_;) = J, s0 ¥;(>i, =_;) =i (>, >=_;)
holds because object j is agent ¢’s first choice. This completes the proof.
Part 3: Fix any >/ that is not equivalent to >; and consider >_; that depends on
“the first place” at which >; and >/ differ from each other in the manner we specify
shortly. We show that for any o, we have ¥;(>) =; ¥;(>},>_;), which proves the
desired result.

To specify > _;, for given preferences >, let f,,(>=;) be agent i’s m-th choice under
;. Define [ and !’ such that | # I’ as follows: There exists m such that f,,(>;) =1
and f,,(>}) =1, and f,,(>;) = fu(>}) for all n < m. That is, [ and " are “the first
place” at which >; and > are different from each other. Since > is not equivalent
to =, the pair satisfying the above condition uniquely exists, and so [ and I’ are well
defined. Moreover, [ is acceptable to agent ¢ under >=; and [’ is acceptable under >!.

If [ =4, then consider > _; such that every agent j € I\ {i,1'} regards object j as
her first choice and agent [’ regards agent i as the first choice. Then, irrespective of
o, we have ¢;(>;, =_;) =i and ¢;(>~}, =_;) = l'. Since I" # | = i and the definition of
(I,0") imply @ >=; ', we have ¢;(>, =_;) =i ©0i(>, = ;).

If I’ =i, then consider >~_; such that every agent j € I\ {i,[} regards object j as
her first choice and agent [ regards agent i as the first choice. Then, irrespective of
o, we have ¢;(>;, =_;) = [ and ¢;(>},>_;) = i. Since ¢ = I’ # [ and the definition of
(I,1") imply [ =, i, we have ¥; (>, =_;) =; ;i (-5, =_;).

Finally, if [ # ¢ # I, consider > _; such that every agent j € I\ {i,[,1'} regards
object j as her first choice, ¢ =; I' =; [, and i =, [ =, I'. Note that the definition of

({,1") imply [ >; I'. Fix any o, and consider the following three cases.

1. If 0(i) < min{o(l),o(l')}, then ¢ (>;, =_;) would be such that a cycle (i,[) is
formed in either Round 0 or Round o (i) (and agent " would be unassigned), so
agent ¢ receives object [. On the other hand, ¥ (>, >_;) would be such that a
cycle (4,1') is formed in either Round 0 or Round (i) (and agent I would be
unassigned), so agent i receives object . Hence, we have 1;(>;, =_;) =; ¥; (>
s i)

2. If o(l) < min{o(i),o(l")}, then ¥(>;, >_;) would be such that a cycle (I,7) is
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formed in either Round 0 or Round o(l) (and agent !" would be unassigned),
so agent 7 receives object [. On the other hand, ¥ (>}, =_;) would be such that
a cycle (7,1) is formed (in Round 0, if {" is ¢’s first choice under >}) or cycle
({,4,1") is formed (in Round (1), if I’ is not ¢’s first choice under >}), so agent

i receives object I'. Hence, we have 1;(>;, = ;) =; ¥:(=}, = ;).

3. If o(l") < min{o(¢),o(l)}, then (>;, >_;) would be such that a cycle (i,1) is
formed (in Round 0, if [ is i’s first choice under ;) or cycle (I',4,1) is formed
(in Round o ('), if [ is not ¢’s first choice under >;), so agent i receives object
[. On the other hand, ¥ (>}, >_;) would be such that a cycle (I, ) is formed in
either Round 0 or Round o(!’) (and agent ! would be unassigned), so agent i
receives object I'. Hence, we have 1;(>;, =_;) =; ¥;(>%, =_;).

Overall, in all the cases analyzed above, we obtained ¢;(>;, =_;) >=; ¥;(>%, =_;). This
completes the proof. O

B.5 Proof of Theorem 4

Proof. Consider agents 1, 2, and 3, and their preference profile as in (1) in Section 2.2
(in particular, these agents regard objects other than 1, 2, and 3 as unacceptable).
The preferences of other agents are set to be arbitrary. In what follows, we only

consider agents 1, 2, and 3. Consider the following cardinal preferences:
U1 :0, U12:17 ’LL13:1—€.

If all agents submit their preferences truthfully, then a 3-cycle is formed and every
agent receives their first-choice object under the TTC mechanism. Hence, agent 1
indeed receives her first-choice object if none of the agents in the 3-cycle drops, which
happens with probability (1 — p)3. Thus, agent 1’s expected payoff is (1 —p)? -1 =
(1-p)°.

Fixing the other agents’ strategies, if agent 1 has deviated to reporting the pref-
erences (2) in Section 2.2, then she would be in a 2-cycle together with agent 3, and
thus her expected payoff would be (1 — p)?(1 — ). Since p > 0, there is € > 0 such
that

(1-p)* <(1—pP1—e),
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showing that there exists (u1;)1<j<ny such that agent 1 has an incentive to deviate.
This implies that truthful preference submission by all agents is not a Nash equilib-

rium. O

B.6 Proof of Proposition 3

Proof. Consider the following preferences:

=i+ 14 for all i # N,
~v:1,2,...,N—1,N.

l—eforie{l,....,.N—I+1}, uy; =" fori € {N—1+2,...,N—1}, and uyy = 0.

Under any k-greedy mechanism, if all agents submit their preferences truthfully,
then a k-cycle is formed and agent N receives her (N — k4 1)th-choice object. Hence,
agent N indeed receives her (N — k + 1)th-choice object if none of the agents in the
k-cycle drops out, which happens with probability (1—p)*. Thus, agent N’s expected
payoff is

(1 - p)k “UN(N—k+1) T (1 - (1 - p)k) 0= (1 - p>kuN(N—k+1)- (3)

First, consider any k-greedy mechanism with k£ < [. By our specification of u, the
payoff in (3) is greater than (1 — p)*(1 —¢) if k = [ and is equal to (1 — p)keV=FF1 if
k<.

Fixing the other agents’ strategies, if agent N has deviated to reporting some other
preferences, then the only possibilities for which a different exchange is realized are
when she is in a k’-cycle and receives (N —k'+1)th-choice object for k" € {1,...,k—1}.

For each such k', her expected payoff would be
(1= ) unv—pny + (1= (1 =p)*) -0, (4)

which is no greater than (1 —p)*e¥=*+1. Since p < 1 and k¥’ < k, there is & > 0 such
that for all € € (0,¢),

(1 _ p)k’Eka’+1 < (1 - p)k(l o 8) and (1 _p)k’ngk/Jrl < (1 _p)k5N7k+1'
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Hence, submitting the true preferences is a best response for agent N. Since sub-
mitting the true preferences is obviously a best response for all other agents, this
implies that truthful preference submission by all agents is a Nash equilibrium of the
preference submission game (N, % p, (u;;)1<i j<n) when € € (0, ).

Next, consider any k-greedy mechanism with £ > [. Fixing the other agents’
strategies, if agent N has deviated to reporting that her first-choice object is object
N — [+ 1 (note that this object is not object 1 or object N because | < k < N and
[ > 2), she would be in a l-cycle and receives the (N — [ + 1)th-choice object, and
thus her expected payoff would be

(1= p) unv—i+ (1= (1 =p)") - 0= (1 = p)unv—i+1).
Note that for any e, we have

UN(N-1) l—e 1—e

UN(N—k+1) 1

by our specification of u. Moreover, since p > 0, there is € > 0 such that for all
e €(0,8),
(1-p)f <(1-p)(l-e).

Hence, for such e, we have

UN(N—-I1+1
(1—p)F < (1—p)(1—e) < (1—p) 2L
UN(N—k+1)

and thus, we obtain:

(1 _p)kuN(N—k—&-l) < (1 - p)luN(N_lH).

Hence, submitting the true preferences is not a best response for agent N. This
implies that truthful preference submission by all agents is not a Nash equilibrium of
the preference submission game (N, % p, (u;;)1<i j<n) for any k > [ when ¢ € (0,&).

Overall, we have shown that there exists (u;j)1<; j<n such that truthful preference
submission by all agents is a Nash equilibrium of the preference submission game
(N, T%, p, (u;;)1<ij<n) for any k <1 but it is not a Nash equilibrium of the preference

submission game (N, T, p, (u;;)1<ij<n) for any k > I. O
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B.7 Proof of Theorem 5

Part 1: Given K € N and N € N, let Z(K, N) be the expected number of agents
involved in a cycle of size no greater than K in the outcome of the TTC mechanism

when there are N agents.

Z(K,N) __
N = .

Claim 1. limy_,

Proof of Claim 1. Suppose that the claim does not hold. That is, suppose that there
exists a > 0 such that
L Z(KN)
imsup ———= = a.
N—>oop N
Then, we can take a subsequence of N, (INV;);en, such that
. Z(K,N))
e A (5)
Now, let Y (N) be the expected number of cycles when there are N agents.
When there are N; agents, Z(K, N;) agents are involved in a cycle of size no greater
than K on average, and thus there are at least Z(K, N;)/K cycles. Hence, for each

[, we must have

Y(N) 2K, N)/K
N T N ’
where, by (5), the right-hand side tends to & as [ goes to infinity.
However, Theorem 2 of Frieze and Pittel (1995) implies that

Y (N V21N 4 O(log(N
tim L) gy, V2N Ollog(V)) _
N—ooco N N—oo N
Since % is strictly positive, this is a contradiction. The proof is complete. O]

By the symmetry across agents, for each agent i, the ex-ante probability that 7 is

unassigned is at least
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where we let Z(0, N) := 0.3 For any fixed K, this is no less than:

zmsz 2 A A e
[P 2Ny

= [1- 252 n-a-pe

— H(K, N).

Notice that

. . _ T . —(1— K41 _

Jdimlim H(K,N) = lim (1-0)[1—(1-p)""] =1,
where we used Claim 1 for the first equality. This implies that each agent ¢ will be
unassigned with ex-ante probability approaching 1 as N — oo. Hence, the proof is
complete.
Part 2: Fix a k-greedy mechanism. Let A(N) be the expected number of agents who

receive an object under the k-greedy mechanism with k£ > 2 when there are NV agents.
Claim 2. There are >0 and N < oo such that % > B for all N > N.

Proof of Claim 2. Suppose, toward a contradiction, that there are no § > 0 and

N < oo such that w > 3 for all N > N. That is, there is a subsequence of N,

(N))ieny with N; > 1 for each [, such that

. AN)

Fix any [ and consider the market with N; agents. Since the exchange produced by the
k-greedy mechanism is k-efficient by Theorem 3, for each realization of preferences,
there must be no pair of agents from the set of unassigned agents such that the two

agents (7,7) find each other acceptable. This is because, otherwise, letting agent

36The probability is “at least” this much because when m = 1, i.e., if an agent is in a cycle
by herself, she receives her own object irrespective of whether she drops out or not. Thus, the
corresponding probability is Z(}\}N) instead of W(l — (1 =p)).
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1 receive object j and agent j receive object i, with everything else equal, would
be a Pareto improvement, contradicting the k-efficiency of the k-greedy mechanism.
This implies that for each [, the expected number of non-overlapping pairs such that
the two agents find each other acceptable is at most A(1V;) when there are N; agents,
where we say that two pairs are non-overlapping if no agent from each pair is common.

Consider a pair of agents, (m, m+ 1). The ex-ante probability that they find each

1

other’s object acceptable is % X 5 = }l given that the agents’ ranking distribution is

independent and uniform. Hence, for any N, the expected number of non-overlapping
(N=1)/2

pairs such that the two agents find each other’s object acceptable is at least “—;

which is equal to %.

Hence, we must have % < A(N,) for each [, which implies

_AWN) > 1
(M —1)/8 —

for each 1.%7

But we have

= lim . 8. = ()’
N, N —1

where the last equality follows from (6). This is a contradiction, which completes the

proof. O

The expected number of agents who receive an object under the k-greedy mecha-
nism with k > 2 is at least (1 — p)* - A(N). Hence, we must have

where I is the fixed k-greedy mechanism. By Claim 2, any subsequence of N, (N;)en,

must satisfy

lim F(N;:T,p) > (1 —p)kAE\J[VZ) > (1—p)*B.
—o0 I

Since the far right-hand side is a constant independent of N, the proof is complete.

37Note that the denominator is nonzero because N; > 1.
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