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In this appendix, we consider the general case where there are two or more types
of base utility functions, which we call the multi-type case. Some lemmas in
the multi-type case are analogous to lemmas in the single-type case. We list the
correspondence between these lemmas in Table 1. With these lemmas in the multi-type
case, we generalize every two-type result in Section 5. Specifically, Propositions 2—6
and Theorem 4 are generalized to Propositions 11-15 and Theorem 5, respectively.
For each pair of correspondence, we later explain how the multi-type result generalizes
the two-type result. We have also provided the direct proofs to these two-type results
in the Supplementary Information on our personal webpages.

B The General Multi-Type Case

We first set up the multi-type case. Assume that each customer’s base utility function
comes from {u'}L_,, where t is the index for a utility type. For every t € {1,...,T},
let N* be the number of customers with base utility function u!, and let N = ZtT:l Nt
be the total number of customers. Assume that for every t € {1,..., T —1}, v}, > ult!
for every n € {1,..., N} and uf, —ul | > uttt —ult! for everyn € {1,...,N—1}. In
addition, set uf = 0 for all type t. Let G((NY)L,, K, p, (u')L_,) be the strategic-form
game defined analogously to that in the single-type case.

Given ((NY)I,,K), a scheme ¢ = (q3,..., @ a1, - q ... ., qk,...,q%) € (OU
N)FEHDXT guch that 327 g7 > 0 for every k € {1,..., K} and Zj[-(:o ¢ = N' for
every t € {1,...,T} specifies the number of each type of customers in each priority
pass, where ¢}, denotes the number of type-t customers buying 6;. The restriction
that Zle g > 0 for every k € {1,..., K} ensures that every priority pass has at
least one customer, which is analogous to the definition in the single-type case. Fix
(ND)E,, K, (u)L,). Fix a scheme ¢ and a price vector p. For each ¢t € {1,...,T},
construct the type-specific pass-utility function v from v'."! Fix j € {0,..., K}
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Formally, the pass-utility function in the multi-type case, v*(+;-;-) is defined as follows. From a
given scheme ¢ in the multi-type case, we construct a scheme ¢ in the single-type case by letting


mailto:y.cam.24@gmail.com
mailto:zihao.zhou@ucl.ac.uk

Description Single-type  Multi-type

Properties of pass-utility function Claim 1 Claim 1/

IC Reduction Lemma 1(a) Lemma 5
IR Reduction Lemma 1(b) Lemma 6
Implementability-checking price vector Lemma 2 Lemma 7
Implication of concave base utility function Lemma 3 Lemma 3/

Table 1: Correspondence between lemmas in the single-type and multi-type cases.

and k € {1,..., K} such that Zle q; > 0. For every t € {1,...,T} such that ¢} > 0,
the type-specific IC constraint from 0; to 0, with respect to customer type
t (henceforth IC§k) is defined analogously to the single-type case with the pass-utility
function changed to v*. For every ¢ € {1,...,T} such that ¢, > 0, the type-specific
IR constraint of ), with respect to customer type ¢ (henceforth IR}) is also
defined analogously to the single-type case.

Define the set of IC constraints to be {IC;k 0<jJ <K 1<E<LS<K1<t<
T,q; > 0} and the set of IR, constraints to be {IR, :1<k<K,1<t<T,q. >0}
We say that p implements ¢ if (p, q) satisfies every constraint in the set of IC and IR
constraints. The scheme ¢ is said to be implementable if there exists a price vector
that implements q.

A multi-type case (N, K, (u!)L,) is concave if each base utility function
is concave, strictly concave if it is strictly concave, and linear if it is linear. If
u! = Btu for some Bt > B2--- > BT =1 and some base utility function u such that
uy > 0, then we call such a setup the multiplicative multi-type case.”

B.1 Lemmas for Multi-Type Case

The following two results are analogous to Claim 1 and Lemma 3 in the single-type
case. Their proofs are omitted as the proofs are perfectly analogous to those in the
single-type case.

Claim 1. Fiz (NY)L,, K, (u")L,) and a scheme q. Fix k € {1,...,K} and t €
{1,...,T}. If i, 50 € {1,...,k — 1}, then

vt(Hk;Gjl) = vt(ﬁk;GjQ) > vt(Hk).

g; = 23:1 qﬁ. Then, we let v*(6;,0); q) take the same value as v(6;;0y; q) where v is the pass-utility
function constructed from u' in the single-type case. Under this definition, v*(6;; 0x; q) is well-defined
even for the case when there is no type-t customer in pass k.

2Here, the superscript for each 3 is an index, not an exponent.
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Ifl1,l, € {0,k +1,k+2,...,K}, then
vt(ﬁk) > vt(Qk; 911) = vt(ﬁk;ﬁlz).

Lemma 3. Fiz (N)L, K, (u'),) such that K > 1. Fiz a scheme q and t €
{1,...,T}. If u® is concave, then for any j, k € {1,..., K} such that j < k,

v (0;) — v'(0r; 0;) < 0'(0;;0r) — v (0y).

The inequality is strict if u* is strictly concave and either max,,e; iy (ZZ=1 q&) > 1
orj+1<k.

The rest of this subsection presents lemmas that are useful for implementation
results in the multi-type case that will appear in Appendix B.2. Most results about
implementation use Lemma 7 which we state later. A roadmap of how lemmas in this
subsection contribute to the implementation results in Appendix B.2 is illustrated in
Figure 5.

The following result characterizes the relations between type-specific constraints.

Lemma 4 (Properties of type-specific constraints). Fiz (NY)L,, K, (u")L,). Fiz

a scheme q and a price vector p. Fir j,k,m € {1,..., K} such that j < k and
ti1,t9 € {1, ... ,T} such that t1 < ty.



(a) If qj-l >0 and q§2 > 0, then IC';?~C implies [Cﬁ}g
(b) If ¢ >0 and q;> > 0, then IO;;] implies [Cffj
(¢) If ¢t > 0 and qi* > 0, then IC., implies IC,.
(d) If ¢t > 0 and ¢'2 > 0, then IR implies IR':.

Proof.

Proof for (a) If q;fl > 0 and q;’? > 0, then both IC;}g and IC;"}g are defined. Note
that (p, q) satisfies IC;?C if and only if

pj — Pk < 02(0;) — v (013 0)).
Since uf} —uil, > u'2 — u?,| holds for every n € {1,..., N — 1} by the definition of
customer types, we have v’ (0;) — v (0y; 0;) > v™2(0;) — v2(0y; ;). Therefore, if (p, q)
satisfies IC;%C, then
pi = Pr < 07 (0;) — v 0k 0;) < 0" (0;) — 0" (6k; 6)),

which means that (p, ¢) also satisfies ICE}C.

Proof for (b) If ¢i' > 0 and ¢ > 0, then both IC}?j and ICE are defined. Note
that (p, q) satisfies IC',‘% if and only if

P — Di > " (055 60) — 0" (6r).
Since uf} —uil, > u'2 — u?,| holds for every n € {1,..., N — 1} by the definition of
customer types, we have v (6;; 0),) — v"(0)) > v?(0;; 0x) — v"*(6k). Therefore, if (p, q)
satisfies IC}?J., then

pj — pr > 0105 0k) — v (0) > v"2(0;;0k) — "2 (),

which means that (p, ¢) also satisfies IC?]..

Proof for (c¢) If ¢! > 0 and gj* > 0, then both IC{}, and IC, are defined. Note
that (p, q) satisfies IC{}, if and only if

0" (0,5 600) — P < 0.



Since u!! > u'2 holds for every n € {1,..., N} by the definition of customer types, we
have v'2(6,,;00) < v (6,,;00). Therefore, if (p, q) satisfies IC}., , then

om>
V" (O3 00) — P < 0" (O3 00) — pm <0,

which means (p, ¢) also satisfies IC?, .

Proof for (d) If ¢ > 0 and ¢2 > 0, then both IR!' and IR" are defined. Note
that (p,q) satisfies IR if and only if

v"2(0,) — pm > 0.

Since u!! > u'? holds for every n € {1,..., N} by the definition of customer types, we
have v'1(0,,) > v'2(0,,). Therefore, if (p, q) satisfies IR"2, then

Utl (Qm) — Pm > Ut2 <9m) — Pm 2 07

which means that (p, q) also satisfies IR". ]

Fix (N)Z,, K, (u")[_,), a scheme ¢, and a price vector p. Fix j € {0,..., K} and
ke {1,..., K} such that j # k and Zthl ¢5 > 0.7 Define ICj;, to be the type-specific
IC constraint from {IC;k 11 <t <T,q; >0} that implies every constraint in the set.
Similarly, define IRy, to be the type-specific IR constraint in {IR}, : 1 <t < T, ¢ > 0}
that implies every constraint in the set. Note that Lemma 4 ensures that IC;; and
IR, are well-defined.

Lemma 4 immediately implies the following characterization of IC and IR con-
straints without superscripts. We define the following new notations for ease of
characterization: For each j € {0,..., K} such that Y, ¢; > 0, define t; =
max{l <t < T : q;i > 0}, which is the lowest customer type that chooses 0;,
and ¢; = min{l <¢t<T: q;- > 0}, which is the highest customer type that chooses 0;.

Corollary 1 (IC and IR characterization). Fiz (NY)L,, K, (u')L ). Fiz a scheme q
and a price vector p. Fiz j,k,m € {1,..., K} such that j < k.
(a) ICj is equivalent to [Cik
(b) ICy; is equivalent to ]Ci’}

(¢) If 20 qb > 0, then ICq, is equivalent to IC,..

3Analogous to footnote 16 in the main text, the condition that Zthl q§ > 0 is restrictive only
when j = 0.



(d) IR, is equivalent to IR
Proof. The result is immediate from Lemma 4. ]
The following lemma is analogous to Lemma 1(a) in the single-type case.

Lemma 5 (IC reduction with multiple types). Fiz ((N")L,, K, (u")[,) such that

K > 1. Fizx a scheme q and a price vector p. Fiz j k€ {1,..., K} such that j < k.
Assume that tp, < ty,iq for every m € {j,....k —1}. If (p,q) satisfies ICp, mi1 for
everym € {j,...,k — 1}, then it satisfies 1Cjy.

Proof. Assume that (p, q) satisfies IC,, .41 for every m € {j,...,k —1}. We have

Pm — Pm+1 S U{m (0m> - Ugm (em—&-l; 6m> (by ICi?,m+1>
< 0 (0m) = 07 (rn1; ). (by £; < ) (30)

Therefore, if (p, q) satisfies 1C,;, 41 for every m € {j,..., k — 1}, then

k—1
pi—pk= ) (Pm — Pmt1)
m=j
k—1 -
<3 [0 (0m) = 0" s 0] (by (30))
m=j
— k_l —
= 085 (0;) = 05 (0) = D [0 (Oms1:0m) = 05 (Oi)|
m=j
< 0% (8;) = 0 (Bh) — V9 (Ohs 1) — 05 (0] (by Claim 1)
= 0% (6;) — v (6);6;). (by Claim 1')
Thus, (p, q) satisfies 1C ;. O

The following lemma is analogous to Lemma 1(b) in the single-type case.

Lemma 6 (IR reduction with multiple types). Fiz ((N")[_,, K, (u")[_,) such that
K > 1. Fiz a scheme q and a price vector p. Assume that t; < tx for some

gk e{l,..., K} such that j < k. If (p,q) satisfies ICj;, and IRy, then it satisfies IR;.

Proof. Fix j,k € {1,..., K} such that j < k and ¢; < #;. Assume that (p, q) satisfies



IC;i and IR;. We have

o (0) = by = 0" (646;) — i (by 1C}3)
> 0" (Or; 0;) — . (by t; < tx)
> ' (0;) — pr (by Claim 1')
> 0. (by IR)
Thus, (p, q) satisfies IR;. O

The following result is analogous to Lemma 2 in the single-type case and provides
a price vector to check implementability.

Lemma 7 (Implementability conditions in multi-type case). Fiz ((N')L,, K, (u')L,).

Fiz a scheme q such that v'% (0 ) > 0. Assume t; < t;1 for every j € {1,..., K —1}.
Let p* = (pi, ..., pk) be such that pj. = v'=(0x) and p; — pjq = v (6;) — 0% (0;41:0))
for every j € {1,..., K — 1}.* The following statements are equivalent:

(a) q is implementable.
(b) p* implements q.

(¢) Forany j,k € {1,..., K} such that j <k, (p*,q) satisfies ICy;. If Zthl q >0,
then (p*,q) satisfies 1Cy; for every j € {1,..., K}.

Proof. The following result, which generalizes Claim 3 to the multi-type case, is useful
in showing that p* € RE. We omit its proof as it is analogous to the proof of Claim 3.

Claim 3'. Fiz (NY)L,, K, (u')L,) and a scheme q. For any j,k € {1,..., K} such
that j < k and every t € {1,..., K}, we have v*(0;) > v'(0x; 6;).

By Claim 3/, for every j € {1,..., K—1}, we have p; —p},, = vl (0;)—v% (0;41) > 0.
Moreover, p}, = v'%(f) > 0 by assumption. Therefore, p* is a valid price vector.

It is clear that statement (b) implies statement (a). The proof is complete if we
can show that statement (a) implies statement (¢) and that statement (c¢) implies
statement (b).

Proof for (a)=(c) Assume that ¢ is implementable and let p be a price vector
that implements ¢. Fix j, k € {1,..., K} such that j < k. By part (b) of Corollary 1,

4This definition generalizes p* in the proof of Proposition 8.



(p, q) satisfies ICy; if and only if p; — pr, > v%*(6;;0) — v (). Note that

k—1
Pj — Pk = me — Pm+1
m=j

k—1
< Z [Utm(em) — 0" (Ong1; Om) (by IC%WH)
m=j
k—1
=Y P Dot (by the definition of p*)
m=j
=P} — Dj- (31)

Thus, we have pj§ — pp. > p;j — pr > v%(0;;01) — v (0x), that is, (p*, q) satisfies ICy;.
Assume Zthl gt > 0. We can pick some ¢t € {1,...,T} such that ¢ > 0. Fix
jeA{l,...,K}. As (p,q) satisfies ICy;, it satisfies ICéj, which is equivalent to

Ut(igj; 90) —Dj S 0. (32)

In (31), if we set k = K, we have p; — p; < px — pk. Moreover, as (p, q) satisfies IRy,
by the definition of p*, we have px < v'* (k) = pj.. Therefore, p; < pj holds and by
(32), we have v*(0;;00) — p; < 0, that is, (p*, q) satisfies ICBJ-. As the choice of ¢ is
arbitrary as long as ¢ > 0, we have shown that (p*, ¢) satisfies ICy;.

We have shown that statement (a) implies statement (c).

Proof for (c)=(b) Fix j,k € {1,..., K} such that j < k. By the definition of p*,
part (a) of Corollary 1 implies that (p*, ¢) binds IC,, ;41 for every m € {j,...,k —1}.
As ty, < tpy foreachm € {j,..., k—1}, by Lemma 5, (p*, q) satisfies IC,;,. Therefore,
(p*, q) satisfies every downward IC constraint.

By the definition of p*, part (d) of Corollary 1 implies that (p*,¢) binds IRk.
Fix k € {1,..., K — 1}. Note that we have t; < t, and (p*, q) satisfies both ICyx
and IRk. Thus, by Lemma 6, (p*, q) satisfies IR, Therefore, (p*, ¢) satisfies every IR
constraint.

Assume that (p*, q) satisfies ICy; for any j, k € {1,..., K} such that j < k. By
the definition of schemes, 7, ¢4 > 0 holds. If 3, ¢4 = 0, then ICy; is undefined
for every j € {1,..., K}. In this case, (p*, ¢) satisfies every constraint in the set of
IC and IR constraints. For the case where Zle gt > 0, if additionally (p*, q) satisfies
ICy; for every j € {1,..., K}, then again (p*, q) satisfies every constraint in the set of
IC and IR constraints. Overall, we have shown that p* implements q.

We have shown that statement (c¢) implies statement (b). N



B.2 Implementability in the Multi-Type Case

Now we consider implementability in the multi-type case. In the two-type case,
Proposition 2 shows that a scheme with exactly one customer in each priority pass
is not implementable if there are more than four priority passes. We generalize this
result to the multi-type case below.

Proposition 11 (One-customer passes in multi-type case). Fir (NY)L,, K, (u')L))
and a scheme q where Zthl qi =1 for every k € {1,...,K}. If K > 2T, then q is
not implementable.

When T'=1 and T = 2, Proposition 11 is equivalent to Theorem 3 in the single-
type case and Proposition 2 in the two-type case, respectively. We omit the proof of
Proposition 11 since the result is straightforward given the proof of Theorem 3: when
there are more than 27 priority passes in a scheme and each pass has exactly one
customer, we can pick three customers from three different passes that have the same
customer type, which implies that the scheme is not implementable by the reasoning
similar to that in the proof of Theorem 3.

We next define the notion of monotonicity in Section B.2.1, which is needed for
later results. We then characterize the environment in which multi-pass schemes are
implementable in the multi-type case when the base utility function is concave in
Section B.2.2.

B.2.1 Monotonicity

Fix ((NY)L,,K, (u"),). Fix a scheme ¢ and a price vector p. As in the two-type
case, we cannot reduce the set of downward IC and IR constraints to the set of local
downward IC constraints and IR as we did in Lemma 1. By Lemmas 5 and 6, such
constraint reduction results can be obtained if we impose the additional condition
that ¢; < ;41 for every j € {1,..., K — 1}. This restriction eliminates schemes where
a lower type customer buys a higher-priority pass than a higher-type customer. With
this restriction, by Lemma 7, we can similarly check the implementability of a scheme
by binding the lowest IR constraint and every local downward constraint. It turns out
that the restriction is necessary for implementability in the concave multi-type case.
To be precise, implementability in the concave multi-type case implies a condition
which we call monotonicity: We say that a scheme ¢ is monotone if the following
two conditions hold:

(a) For any j,k € {1,..., K} such that j < k, t; < t,.

(b) For every t € {1,...,tx_1} such that ¢t < tg, ¢ = 0.



Condition (a) says that if two customers of different types buy some priority passes,
then the higher-type customer has a weakly higher-priority pass than does the lower-
type customer; condition (b) states that if a customer type is weakly higher than
the lowest customer type in the second-lowest priority pass and strictly higher than
the lowest customer type in the lowest priority pass, then every customer of this
type has bought some priority pass in the scheme. Condition (b) is ambiguous about
customer types strictly between tx_; and tx since the negative externality created
when a customer of these types joins a priority pass from outside the queue could be
a sufficient disincentive against joining the queue.

The following result shows that monotonicity is necessary for implementability in
the concave multi-type case:

Proposition 12 (Monotonicity in concave multi-type case). Fiz the concave multi-type
case (NYL,, K, (u')L|) such that K > 1. If a scheme q is implementable, then each
customer type is in at most two priority passes and q is monotone.

Proof. Assume that a scheme ¢ is implementable and let p be a price vector that
implements q.

We first show that each customer type is in at most two priority passes. Towards
a contradiction, assume that there exists ¢t € {1,...,7} and j,k,m € {1,..., K} such
that j <k <m, ¢; >0, ¢, > 0, and ¢, > 0. Note that (p, q) satisfies ICfnj if and only
if

Pj — Pm Z Ut<0j; Qm) - 'Ut(gm)- (33)

However, as u! is concave, we have

Pj = Pm =DPj = Pk T Pk — Pm
< 0M(0;) — v (0k; 0;) + v (0k) — 0" (0,5 ) (by ICY; and IC},,,)
< v'(0;) — v' (03 0;) (by Claim 1')
<003 0p) — 0" (0m), (by Lemma 3')

which contradicts (33). Therefore, each customer type is in at most two priority
passes.

We next show that ¢ is monotone by starting with condition (a) of monotonicity.
Towards a contradiction, assume that ¢; > t, for some j,k € {1,..., K} such that
7 < k. With this assumption, we have

V' (0;) — v (6); 05) < 0 (0;) — ' (043 6;) (by #; > 1)
< ot (05 05) — v (0y). (by Lemma 3") (34)

10



However, that (p, ¢) satisfies both 1C;;, and ICy; implies
ot (653 0) — vt () < pj — pr < 0" (0;) — V" (083 6)),

which contradicts (34). Therefore, t; <, for any j, k € {1,..., K} such that j <k,
which is condition (a) of monotonicity.

We now show condition (b) of monotonicity. Towards a contradiction, assume
gt > 0 for some ¢t € {1,...,{x_1} such that t < tx. That (p,q) satisfies I[Cx_1
implies

V(O 1) — pr_1 > 0"E (O 0k 1) — P

As u' is concave for each t € {1,...,T}, by Lemma 3/,

v E (O 150 ) — UEK_l(QK—l) > U{K_I(HK) - UEK_le; Ok1).

Adding up the two inequalities above, we obtain

V(015 0) — Pr_1 > UfK_l(eK) — PK- (35)
Note that we have
V' (0 _1;00) — pr—1 = v (Ok_1;0K) — Pr_1 (by Claim 1)
> 0" (013 0K) — P (by t <tg_1)
> 0" (k) — pre (by (35))
> 0" (0x) — pr (by tx—1 < tk)
> 0. (by IRk)  (36)

In (36), if t < fx_1, then v*(Ox_1;0k) — pr—1 > V1 (Ok_1;0k) — pr_1; if t = tx_1,
then fx_; < tx and therefore v*5—1(0x) — px > v'% (k) — px. Thus, at least one of
the inequalities in (36) must be strict, which means that if ¢§ > 0, then (p, ¢) would
not satisfy ICj ;_;, a contradiction. Therefore, if ¢ € {1,...,¢x_1} and t < {x, then
¢t = 0, which is condition (b) of monotonicity.

We have shown that ¢ is monotone.

The proof is complete. O

We observe that when 7" = 2, the monotonicity in the multi-type case is equiv-
alent to the monotonicity in the two-type case. Hence, Proposition 12 generalizes
Proposition 3 in the two-type case.

The intuition for the necessity of condition (a) of multi-type monotonicity is
very similar to that of condition (a) of two-type monotonicity in our discussion after

11



Proposition 3. For the necessity of condition (b) of multi-type monotonicity, the proof
shows that a customer with a type weakly higher than the lowest customer type in
the second-lowest priority pass has at least a weak incentive to purchase a priority
pass, with the incentive further made strict if the customer type is also strictly higher
than the lowest customer type in the lowest priority pass.

B.2.2 Concave Case

When there are multiple customer types, implementing a multi-pass scheme is possible
if different types of customers have utility functions that are sufficiently different from
each other. The following result for the multiplicative multi-type case characterizes
the implementability conditions with respect to customer types in the concave case,
which in particular covers both linear and strictly concave cases.

Theorem 5 (Implementation in concave multiplicative multi-type case). Fiz the
concave multiplicative multi-type case (N, K, (u')L,) where K > 1 Fiz a scheme
q such that v'% () >0, 331 qh =0, and t,, <ty form e {1,..., K —1}. There
exists a profile (by;)jkef1,...k},j<k where by; < Bl for each pair (j, k) with the inequality
being strict if 7 < k — 1 such that the following holds: The scheme q is implementable
if and only if B% < by; for any j,k € {1,..., K} such that j < k.

Proof. Define p* as in Lemma 7. As Zthl gt = 0, 1C},, is undefined for every k €
{1,...,K}andt € {1,...,T}. Since t,, < t,s1 form € {1,..., K—1}, the conditions

of Lemma 7 hold, and hence ¢ is implementable if and only if p* implements ¢. Fix
J, k€ {l,..., K} such that j < k. The definition of p* implies that

-1

pj - plt = |:Ufm (‘9m) - UE ( m+1; i| Z /Btm (0m+1; 0m>] :

J

E

3
I

Thus, (p*, q) satisfies ICy; if and only if

k—1

i =pp =Y B [0(0m) = 0(Omir; On)] = 5% [0(6)56501) — v(0r)] -

m=j

This is equivalent to

Btk kz m—l—he )6Em (37)
(9 QJH Y=oy

Letting by; be the right-hand side of (37), Lemma 7 and (37) together imply that ¢
is implementable if and only if g% < by, for any j, k € {1,..., K} such that j < k.

12



Lastly, to see that by; < B, note that

k-1 k—1
V(0m) = V(Omi1; Om) = v(0;) — v(0k) — [W(Omi1;0m) — V(Omi1)]
m=j m=j
S U(@j) - v(@k) — [U Hk; (9]{,1) — v(@k)] (by Claim 1/>
(38)
< v(0j;60;41) — v(6y), (by Lemma 3')
which implies that by; is a convex combination of 0, B, g+, .. and %1, hence

brj < Maxj<m<k—1 Btm = B, Moreover, the inequality in (38) is strict when j < k — 1.
In this case, the weight on 0 in the convex combination for b; is strictly positive.
That is, the sum of coefficients of the 5’s on the right-hand side of (37) is strictly less
than 1. Thus, by; < 8% holds when j < k — 1. O

We show how Theorem 5 implies Theorem 4 in the two-type case. Consider the
setup and the scheme ¢ in Theorem 4. As q is regular, we have ¢ > 0 only if k € {1,2}.
Moreover, if ¢} > 0, then 5 = 3. When ¢% > 0, with the assumption that u” is linear,
we can calculate by; as in the right-hand side of (37) to get bo; = . Thus, if we use
Theorem 5, it is sufficient to focus on by; for any j, k € {2,..., K} such that ¢} =0
and j < k. Denote the set of such b; by B. By Theorem 5, ¢ is implementable if and
only if by; > 1 for every by; € B. Note that ¢ = 0 and ¢%_, = 0 by the regularity
of ¢. Thus, %2 = 3 and br,x—2 € B. Let 8 be the smallest value for 8 such that
if 8 = 3, then by; > 1 for every by; € B. Since bg g2 < ptc—2 = § by Theorem 5,
we have 8 > 1. Moreover, 3 is well-defined since every by; € B is continuous in . If
B < B, we have by; < 1 for some by; € B. That is, ¢ is not implementable if 3 < 3. If
B > j3, then by; > 1 for every by; € B since by; is weakly increasing in . That is, q is
implementable if 5 > 3. We have shown that ¢ is implementable if and only if 3 > .
Thus, Theorem 4 is true. B

The intuition of Theorem 5 is similar to that of Theorem 4 in the two-type case:
Customer types in different priority passes need to be sufficiently different for the
scheme to be implementable. Towards a straightforward intuition, consider a special
case of Theorem 5 where u is linear, K = 3, and the scheme in consideration has m
customers in each priority pass. Given p* as defined in Lemma 7, by the proof of
Theorem 2, (p*, q) satisfies ICs; if and only if

t1 to i3
Upper l;gund of Upper B;und of Lower B:)und of
pP1—p2 p2—p3 pP1—PpP3
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Note that (39) does not hold if both % and 8% are too close to f&; but if 4 is
sufficiently larger than %, then IC3; holds. Intuitively, a larger difference in different
types allows for a greater price difference between two priority passes, giving customers
in the lower-priority less incentive to upgrade.

In the above argument, 3 could even be the same as S for ICs; to hold, as long
as B% is taken to be sufficiently high. This, however, is a consequence of the linearity
assumption. We emphasize that, in general, for a scheme to be implementable in the
concave multiplicative multi-type case, Theorem 5 implies that customer types in
different priority passes, including those in passes whose priorities are close, need to
be sufficiently different. For example, in the strictly concave multiplicative multi-type
case, the existence of an implementable scheme where every customer buys some
priority pass implies the existence of a large enough “gap” between two adjacent
customer types in the queue, as illustrated below by the following result.

Proposition 13 (Two-pass implementation in strictly concave multiplicative multi-
type case). Fiz the strictly concave multiplicative multi-type case (NY)L, K, (u*)L))
such that K =2 and N > 2. Fiz a scheme q such that v (05) > 0 and every customer
buys some priority pass. The scheme q is implementable if and only if t, = t; + 1 and

6_{1 > U(Ql; 82) — ’U(eg)
Bh - U(Ql) - ’U(92;¢91>.

(40)

Moreover, the right-hand side of (40) is strictly larger than 1.

Proof. Assume that ¢ is implementable. Fix ¢t € {1,...,T}. Because N > 2 and every
customer buys some priority pass, by Theorem 1, ¢4 > 0 implies ¢4 = 0, which implies
ty # t,. Moreover, Proposition 12 implies #; < t,. Lastly, since every customer buys
some priority pass, we have t; = ¢, — 1.

Define p* as in Lemma 7. Since K = 2 and every customer buys some priority pass,
if #; = t, — 1, then the conditions of Lemma 7 hold. Therefore, by the same lemma, ¢
is implementable if and only if (p*, q) satisfies ICy;. By part (b) of Corollary 1, ICq;
is equivalent to Ingl. Thus, given the multiplicative setup, that (p*, q) satisfies ICq; is
equivalent to

6_{1 S v(61;6;) — v(6s)
Bz~ v(b1) — v(b2;61)
Therefore, ¢ is implementable if and only if £, = ¢; + 1 and (40) holds. Lastly, because

every customer buys some priority pass and N > 2, by Lemma 3', the right-hand side
of (10) is strictly larger than 1. O

We show how Proposition 13 generalizes Proposition 4 in the two-type case. To
see this, consider the setup and the scheme ¢ in Proposition 4. The condition K = 2
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is necessary for ¢ to be implementable since the proof of Theorem 1 implies that when
every base utility function is strictly concave, no customer type can be in multiple
priority passes. Assume K = 2. Note that t, = #; + 1 is equivalent to ¢ = N"

and ¢ = N'. Thus, when t, = £; 4+ 1 holds, we have g4 = 8 and B% = 1. Define

_ v(01;02)—v(02)
ﬁ T v(61)—v(02;61)

if ¢ = N* ¢, = N!, and 8 > B. Moreover, 8 > 1. Thus, Proposition 13 generalizes
Proposition 4.

as in Proposition 4. By Proposition 13, ¢ is implementable if and only

Proposition 13 implies that a multi-pass scheme may not be implementable when
adjacent customer types are very close to each other even if the range of customer
types (i.e., 81 — 7T) is very large.

In Theorem 5 and Proposition 13, we have shown that customer types in different
priorities, including those priorities that are close to each other, need to be sufficiently
different in an implementable scheme. However, when the adjacent customer types
are all close to each other, one may wonder whether “gaps” between customer types
in different passes can be created when some types do not buy any pass. For example,
suppose there are five customer types in the strictly concave multi-type case, with
each customer type being very close to the nearest customer types. Consider the
three-pass scheme where the first, the third, and the fifth types respectively buy
the three passes, and the second and the fourth types do not buy any pass. In this
scheme, there is enough difference between the customer types remaining in the queue.
Proposition 12, however, implies that this particular “gap” creation is not possible
in an implementable scheme, and there are restrictions to customer exclusions. We
characterize some of these restrictions in the result below, which is an immediate
implication of Proposition 12.

Corollary 2 (Limits to “gap” creation). Fiz the concave multi-type case (N*)L,, K, (u*)L,).

Let g be an implementable scheme. The following hold.

(a) t; =1.
(b) For every j € {l,..., K —2}, we have t; =t;,, ort; +1=t;,,.
(c) For everyje{l,...,K =1} andt € {t; +1,...,t; — 1}, we have ¢j = N*,

Part (a) shows that some customer of the highest customer type 1 must buy the
first priority pass. Part (b) means that, for every j € {1,..., K — 1}, there is no gap
between ¢; and iy, Part (¢) implies that, within a pass except for the lowest-priority
pass, customer types in a pass must be “connected”: If a customer’s type is strictly
between the highest and the lowest customer type in a pass whose priority is not the
lowest, then this customer must be in that priority pass. Therefore, Corollary 2 shows
that, if there is any “gap” created such that some customers do not buy any priority
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pass, then their types must be between those in the last two priority passes or lower
than the lowest type in the last priority pass.

B.3 Queue Size and Implementability

The reader may again notice that, with the customer types fixed, (39) also holds
if m is sufficiently large. In the linear multiplicative two-type case, Proposition 5
shows that a scheme is implementable if there are sufficiently many customers in each
priority pass, and Proposition 6 shows that a scheme is not implementable if there are
too few customers in each priority pass. The two results have generalizations to the
general multi-type case. Before we introduce them, we make a definition that will be
useful in the generalized results. Given a scheme ¢ in the multiplicative multi-type
case where K > 2, define R(q) = minj<j<x—_o /BBJ 5, which gives the minimum relative
difference of customer types in passes that are two priorities apart.

Given the necessary conditions for implementability in the concave case, we make
the following assumption about schemes in some of the results that follow.

Definition 4 (Regular scheme). Fix ((N")_,, K, (u")_;). A scheme ¢ is called
regular if the following conditions hold:

(a) Every customer buys some priority pass and v’ (6x) > 0
(b) The scheme ¢ is monotone.
(c) Every customer type is in at most two priority passes.

Condition (a) is assumed so that there exists a price that makes IRk hold and that
we do not need to consider IRy, or ICq, for k € {1,..., K}; thus, we could focus on the
switching incentives between different priority passes. By Proposition 12, conditions
(b) and (c) are necessary for implementability in the concave multi-type case. Note
that when K > 2, R(q) > 1 holds for every regular scheme.

The following result formalizes the conjecture that sufficiently many customers
lead to implementability.

Proposition 14 (Sufficiently many customers for implementation). Fiz the lin-
ear multiplicative multi-type case ((Nt);f:l,K, (u)L)). Fiz a regular scheme q. If
Zt Lq > Q(RR(’] for every k € {1,..., K}, then q is implementable.

Proof. If K = 1, q is the unique regular scheme, and it is implemented by p = v (6;) >
0.
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Assume K > 1. By the regularity of ¢ and Lemma 7, ¢ is implementable if and
only if p* as defined in the lemma implements q. By the definition of p*, for every
je{l,..., K —1}, )

P; = pja = B89 [v(0;) —v(05416;)] -

Thus, (p*, q) satisfies IC;4, ; if and only if
B [0(6;) = v(0541;6;)] > B4+ [v(6;36541) — v(0;41)]

Because each base utility function is linear, by (16) and (17), v(6;) — v(0j41;6;) =
v(0;50,11) — v(0;41). Moreover, as % > B+t by the definition of regular schemes,
(p*, q) satisfies IC; 44 ;. Thus, ¢ is implementable if K = 2.

Assume K > 2. Fix k€ {1,...,K —2} and j € {1,...,k}. It remains to show
that (p*, ¢) satisfies ICyo ;. Towards this end, note that (p*, q) satisfies ICy o ; if and
only if pf — pi,o > v4+2(0;; Og12) — v'+2(0gy2). The definition of p* implies that this
condition is equivalent to

D [0 ) = 0 O )| = 0552 (0530000) = 08542 (01s)] Z 0. (4D)

Because each base utility function is linear, we have

) ) i i
0" (O) = 0" (01 Om) = 5 (n 1@+ + 1Qn@) — 5 (UQn@ T UQmii)
Bim

a5 Um m —1
2((1 T gm41 )

for each m € {j,...,k + 1}, and

5§k+2 /8§k+2

5 (uQ, .\ (g)+1 + UQ;(q)+1) — T(UQkH(q)H + UQy12(a))

k1
ﬁtk-m
=5 Qj+Qk+2_1+QZQm :

m=j+1

2 (05 O2) — 042 (Og2) =

Therefore, (41) is equivalent to

k+1 of k+1

g s
Z T(Qm + Gm+1 — 1) - 5 q; + Q42 — 142 Z Gm > 0. (42)
m=j m=j+1

As the scheme ¢ in consideration is fixed, denote R(q) by R. By the definition of
R and the regularity of ¢, g% > ... > g% > Rf%+2 > 1 and %+ > Sz > 1,
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which together imply that the left-hand side of (42) is increasing in g, for each
m € {j,...,k+2}. Thus, (42) is implied by the following inequality:

Eﬂtk-&-Q 5§k+2 B§k+2
2 2 2

(k+1—7)2m—1)+ (2m

-1 - 2m(k+2—j)—-1] =0,

where m = min;<;<x Zle ¢i. This inequality is equivalent to
Rk+1—35)2m—1)+(2m—1) - 2m(k +2—j) —1] > 0. (43)

Now assume 3., ¢k > 5 R s for every k € {1,..., K}, Which is equivalent to

5TR RR 0 We will show that ¢ is implementable. Since m > Ti) R oL the left-hand
side of (43) is weakly decreasing in j. Therefore, the left-hand side of (43) weakly
decreases if we set j to k since j < k by definition. Thus, in this case, (43) is implied
by

m >

RQ2m —1)+(2m—1) - (4m —1) > 0,

which holds for m > 2(5;}%—1)' We have shown that (p*,q) satisfies ICy4o; for any
gk € {1,..., K — 2} such that j < k. Therefore, (p*,q) satisfies ICy; for any
J, ke {l,..., K} such that j < k. Thus, by Lemma 7, ¢ is implementable.

Overall, for every K > 1, q is implementable. This completes the proof. ]

We show how Proposition 14 generalizes Proposition 5 in the two-type case.
Consider the setup and the scheme ¢ in Proposition 5. When K = 2, the same
reasoning as in the proof of Proposition 14 for this case shows that ¢ is implementable.
When K > 2, we have R(q) = (3, and Proposition 5 immediately follows from
Proposition 14.

As in Proposition 5, the proposition implies that any regular scheme is imple-
mentable if R(q) > 2. Similar to Proposition 5, the lower bound of the number of
customers in each priority pass in Proposition 14 tends to infinity as R(q) approaches
1, and this bound is not stated as a tight bound. This observation motivates the
following proposition, which is analogous to Proposition 6.

Proposition 15 (Not implementable when customer types are too close). Fiz the

linear multiplicative multi-type case ((Nt)t LK (W) such that K > 2. Fiz a

reqular scheme q. If Zthl q < E— for every k € {1,..., K}, then q is not

2(R(q)
implementable.

Proof. Since the scheme in Consideration is fixed, denote R(q) by R instead. Pick
ke{l,..., K —2} such that tk+2
if p* as defined in the lemma 1mplements q. By the definition of p*, (p*, q) does not

= R. By Lemma 7, ¢ is implementable if and only
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satisfy ICjy 1o if and only if

B (Ok) — 0™ (Bp; Or) + VR (Grgr) — 0 (Bpas Ori1) — [0872(0k; Ops2) — V142 (G142)] < 0.

~ —~

pZ—pZ_H pz+1—p2+2
By the linear multiplicative setup, the above inequality is equivalent to

th Tht1 thto

7(% + Qo1 — 1) + 5 (k1 + Qo2 — 1) — 2

(qk + 2qks1 + Qrra — 1) < 0. (44)

In the left-hand side of (44), the coefficient of B+ 4 i1 4 qeyo — 1, which is

T t i t
Bh _per gy BU gt

, all of which are strictly pOSlthG by the regularity of q. Thus, if

strictly positive; the coefficients of qi, qr+1 and g, are
and 2 tk;l B e

we set gy, qk+1, and g2 to M 1= max;<p<xk thl q; and B+t to Bk = RBt+2, the
left-hand side of (44) weakly increases. Therefore, (44) is implied by

B (2M —1) + Lt (2M —1) - S (4M —1) <. (45)

Now assume that ZtT L2 < 2;; 5 for every k € {1 , K}, which is equivalent to

M < (R 1) Note that (45) is equivalent to M < ( . Thus, (p*, q) does not satisfy
ICk42%. Therefore, by Lemma 7, ¢ is not 1mplementable [

With the setup and the scheme ¢ in Proposition 6, we have R(q) = . Hence,
Proposition 15 generalizes Proposition 6 in the two-type case.

Now, we wish to explicitly analyze how the number of customers in each priority
pass required for implementability would vary when the number of customer types
and passes grow at the same rate, with adjacent customer types getting closer and
closer. For a clear picture of this relationship and tractability, the following result
considers the customer types that are equally distanced and the schemes in which
each priority pass has the same number of customers, and it shows that the required
number of customers grows towards infinity.

Proposition 16 (Type-separating schemes). Fix the linear multiplicative multi-type
case (N K, (u')L,) such that K = T N'= N2 =... = NT =m for some m,
and there exists ¢ > 1 such that ' = c — ==L (c — 1) for te {1 ., T}. Consider the
scheme q such that q¢ = m for every t € {1, ..., T}, i.e., every t—th type customer
is in the t-th priority pass. Assume vT(0x) > 0. Let M(T) =1 if T = 1,2 and
M(T) = ﬁ(T — 1)+ ¢ if T > 3. The scheme q is implementable if and only if
m > M(T).
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Proof. As vT(0x) > 0, ¢ is implementable if T = 1. Assume T > 2. Define p* as in
Lemma 7. Fix j,k € {1,..., K} such that j < k. Note that by the definition of p*,
(p*, q) satisfies ICy; if and only if

(Z [v{"(en) 0T (O e,g]) — [vt(6;: 0,) — v (6)] > 0. (46)

n=j

Note that (46) holds for j = k — 1. Thus, ¢ is implementable if T" = 2.
Assume that T' > 3. The following lemma is useful in deriving the condition for
(46) to hold for any j,k € {1,..., K} such that j < k. Let A = p3' — %> = ... =

ﬁK_l_ﬁK:r;;_ll-

Lemma 8. Fiz k € {3,..., K}. We have that (46) holds for every j € {1,...,k — 1}
if and only if m > % + 3.

Proof of Lemma. We first derive an equivalent representation of (46), and then prove
the “only if” and “if” parts in turn.

Fix j € {1,...,k — 1}. By the choice of customer types and ¢, for each n €
{j,...,k =1}, Bt» = p» = B¥ + (k — n)A and % = B*. Moreover, by the linearity of
the base utility functions and the choice of ¢, we have

_ k _
vt"(ﬁn) B Utn<9n+1§91) _ B" + (k—n)A

and
k

vt (05 0;) — v (0)) = % 2(k —j)m —1].

Therefore, (46) is equivalent to

<X_: B+ (’;— A (9 — 1)) - %k 2(k — jym — 1] > 0. (47)

Note that (47) holds for j = k — 1. If j = k — 2, an algebraic manipulation shows
that (47) is equivalent to m > g—z + % Thus, the proof for the lemma is complete if
k = 3. For the rest of the proof, assume k£ > 3.

“Only if” Part This part is an immediate consequence of our analysis of the case
where j = k — 2 above.
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“If” Part Assume m > g—z + % Let

AR
2

A o 1y %k(zm— ),

IT: (2m —1) +
which is the left-hand side of (47) when j = k — 2. Therefore, IT > 0 holds since
m > % + 1. Fix j € {1,...,k — 3}. It remains to show that (47) holds for the
fixed j and k. With the definition of II, an algebraic manipulation shows that (47) is
equivalent to

nz_i{ﬁ +(2_n)A(2m—1)—Bkm] —_23(7@), (48)

where B(n) := MT_”)A(Qm— 1) — *m for every n € {j,...,k—3}. AsII > 0 holds,
(48) holds if B(n) > 0 for every n € {j,...,k —3}. Since B(n) is decreasing in n, it is
minimized at n = k — 3. The minimized value is WT?’A(Qm — 1) — f*m. This value is
non-negative for m > % + %, which holds by assumption. Therefore, B(n) > 0 holds
for every n € {j,...,k — 3} and thus (48) holds. This completes the proof for the
case k > 3.

Overall, for every k € {3,..., K}, (47) holds for j € {1,...,k — 1} if and only if
m > % + 3.

The proof for the lemma is complete. [

By Lemma &, conditional on T' > 3, (46) holds for any j, k € {1,..., K} such that
7 < k if and only if m > 65—2 + % As 3% is decreasing in k, we have that conditional
on T > 3, (46) holds for any j, k € {1,..., K} such that j < k if and only if
33 c—=2c—-1)/(T-1) 1 c

1 1
M2 At T -1 =1) T2 6e—n’ YVtg

To complete the proof, set M(T) =1if T = 1,2 and M(T) = ﬁ(T — 1) + Lif
T > 3. Then q is implementable if and only if m > M (T). O

The proof shows that, with the assumptions in Proposition 16, the scheme ¢
is implementable if and only if p* in Lemma 7, which binds IRy and every local
downward IC constraint, satisfies ICg;. By the linearity of M(T'), we see that as the
customer types get closer and the number of priority passes gets larger, the required
number of customers for implementability grows towards infinity.

Note that in Proposition 16, a larger value of ¢, which means a wider range for
customer types, helps with implementability by lowering M (7). However, there is a
limit to how much raising ¢ can help: As M(T') is bounded below by 7'/6, for fixed m
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Figure 6: Level curves of M(T') with respect to T" and c. For any parameter pair (7, c), if
the point (7', ¢) is to the left of the level curve for M(T) = m, then the scheme as described
in Proposition 16 where each pass has m customers is implementable. If the point is to the
right of that level curve, then such a scheme is not implementable.

and ¢ > 1, the scheme ¢ is not implementable if " > 6m. In fact, this observation

that ¢ is not implementable for large 7" is an implication of Proposition 15. To see
1

this, note that under Proposition 16’s setting, we have % = Wc)/(T*I)’

R(q) < ey While this upper bound on R(q) is increasing in ¢, it is bounded

above by %, which converges to 1 as T' tends to infinity. Thus, by Proposition 15,
with the number of customers in each priority pass and the range of the customer
types (¢ — 1) fixed, the scheme is not implementable if T" is large enough.

Figure 6 illustrates the limitation of ¢’s role in helping with implementability. The
curves are integer-valued level curves of M(T). For a parameter pair (T, ¢) and a level
curve with value m, if the point (7, ¢) is to the left of the curve, then the scheme
as described in Proposition 16 where every pass has m customers is implementable.
In contrast, if the point is to the right of the curve, then such a scheme is not
implementable. Given a level curve, we see that whenever the curve becomes vertical,
a larger ¢ no longer helps with implementability, illustrating the limited role the
parameter ¢ can play in a scheme’s implementability. This limitation of ¢ immediately
leads to the following result about the special case with m = 1, which can be seen

as a similar result to Theorem 3 where each customer is in her own pass and no two

and hence

customers have the same type.

Corollary 3 (Implementation with one-customer passes). Consider the setting in
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Proposition 16, m =1 in the scheme q. The scheme q is not implementable if K > 6.

Hence, although a large range of customer types (¢ — 1) makes it possible to
implement the scheme where the number of customers equals the number of passes
and every pair of customers have different types when there are more than 2 priority
passes, this type of scheme is not implementable for however large ¢ when there are 6
or more priority passes.

In summary, we have shown that to implement multi-pass schemes that are not
implementable under the single-type case, there need to be large enough gaps between
different customer types, and sometimes even a very large gap would not make a
scheme implementable. That is, with multiple types of utility functions, the difficulty
of implementation is abated yet could persist.
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