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Abstract

In costly voting models, voters abstain when a stochastic cost of voting exceeds
the benefit from voting. In probabilistic voting models, they always vote for a
candidate who generates the highest utility, which is subject to random shocks.
We prove an equivalence result: In two-candidate elections, given any costly voting
model, there exists a probabilistic voting model that generates winning probabilities
identical to those in the former model for any policy announcements, and vice versa.
Thus many predictions of interest established in one of the models hold in the other

as well, providing robustness of the conclusions to model specifications.
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1 Introduction

Electoral competitions have been analyzed with game theoretic tools, beginning with
seminal studies by Hotelling (1929), Downs (1957) and Black (1958). Their models are
useful but highly stylized benchmarks, and many subsequent works modified their models
to better fit theoretical predictions to the real world. There are at least two assumptions
that these subsequent works have relaxed. One is the assumption that no voter abstains
from voting, and the other is that it is with certainty that each voter votes for a candidate
whose policy is strictly closer to her bliss point.

Costly voting models address the first point. In those models, each voter randomly
draws a cost of voting from a certain distribution, and votes for the candidate with a
closer policy if and only if the voting cost is smaller than the perceived gain from doing
so. Otherwise, a voter abstains from voting. Probabilistic voting models tackle the second
issue. In those models, voters cannot abstain. Each voter obtains a random utility shock
for the candidates in addition to the deterministic utility from announced policies, and
votes for the candidate whose overall utility is higher.!

These two frameworks have proved useful for predictions, and their properties have

2 However, these approaches have modi-

been investigated extensively in the literature.
fied different assumptions of the basic Hotelling-Downs framework, and the relationship
between them has been unclear in the literature.

In this paper, we show that these two classes of models are equivalent in the context
of two-candidate election: For any pair of the two candidates’ announced policies, the

winning probability of each candidate is identical under costly and probabilistic voting

models. More specifically, our main result demonstrates that (1) given any cost distribu-

!Standard interpretations of the random utility shocks include ideology or personal characteristics of
the party leadership (Persson and Tabellini, 2000).

2See Banks and Duggan (2005) and references therein. For example, in probabilistic voting models it
is known that with certain regularity conditions the existence of a Nash equilibrium is established. On
costly voting models, see an extensive survey by Osborne (1995) as well as more recent studies such as
Borgers (2004) for instance.



tion, there exists a distribution of the random utility shocks such that the costly voting
model with abstention associated with the former distribution is equivalent to the proba-
bilistic voting model with the latter, and (2) given any random utility shock distribution,
there exists a cost distribution such that the probabilistic voting model associated with
the former distribution is equivalent to the costly voting model with abstention associated
with the latter. Therefore, many predictions of interest established in one of the models
carry over to the other, providing robustness of the conclusions to model specifications.
The sets of equilibrium policy profiles announced by the two candidates who try to max-
imize the winning probabilities, for instance, are identical under these two models. As a
concrete example, we note that Kamada and Kojima (2011) show that the equilibrium
policies can diverge in probabilistic voting if voters have convex utility functions. Our
equivalence result implies that their conclusion holds under costly voting models as well.

We also analyze more general hybrid models with both voting cost and random utility
shocks. Generalizing our main result we show that, given any such hybrid model, there
exist a costly voting model and a probabilistic voting model each of which is equivalent to
the given hybrid model. This result implies that there is no loss of generality in assuming
away either the cost or random utility shocks from the model. This result can facilitate
analysis of voting by giving justification for studying relatively simple models with either
cost or utility shocks but not both.

We emphasize that the objective of this paper is not to give a mathematically involved
proof (indeed, the proof itself is pretty straightforward), nor to establish the relevance of
either or both of the two classes of models. Rather, our objective is to set up the problem
in an appropriate way so that the connection becomes clear between the two frameworks
that are motivated quite differently in the literature.

The rest of this paper proceeds as follows. Section 2 introduces the environment.
Section 3 presents the main theorem. In Section 4, we consider a generalization to hybrid

models. Section 5 concludes. Some proofs are relegated to the Appendix.



2 The Environment

A continuum of voters are distributed over a policy space X according to a Borel prob-
ability measure ;.2 There are two political candidates, A and B, who simultaneously
choose their policies on X, x4 and x g, respectively. A voter with position z € X obtains
a deterministic utility u(x, z’) from the policy z’. A standard example for this is that the
utility depends (only) on the “distance” between x and z’, which is defined over the set
X.

A voting model M is characterized by a corresponding random function w™ (x4, x5) €
{A, B} that assigns a winner of the election given the policy profile (x4, xp). We say that
two voting models M and M’ are equivalent if Pr(w™ (x4, z5) = A) = Pr(w™ (24, 25) =
A) for any given policy profile (x4, xp). Note that the definition of a voting model does
not specify candidates’ objective functions: Our equivalence result is applicable without
explicit reference to them.

Two classes of voting models are defined below. In each voting model M, wM (x4, 2p) =

1 if the measure of voters that vote for candidate 7 is greater than that for the other can-

didate. If they are exactly equal then wM (x4, zp) takes A and B with equal probabilities.

Costly Voting Models
Each voter experiences a cost ¢ > 0 from voting.* The costs are independent of voters’

positions and across voters, and each cost follows a continuous cumulative distribution

function F : R — [0, 1] such that F(¢) = 0 for all ¢ < 0.> Let F be the set of all possible

3Few assumptions are imposed on X and p except that the Borel measure p can be defined on X.
In particular, standard environments such as (multi-dimensional) Euclidean spaces are allowed, but our
result applies to other settings. Also note that p need not be nonatomic.

40ur analysis can be extended easily to allow for negative voting cost (Riker and Ordeshook, 1968).
An equivalence result holds between such costly voting models and probabilistic voting models in which
the probability that a voter receives no utility shock is strictly positive. Similarly, the analysis can
be extended to distributions that allow for atoms although we will assume continuous distributions for
simplicity.

°To be formal, a continuum of voters are distributed over the space X x R, according to a product
measure of g and a measure induced by F', and a voter associated with a pair (z,c) is interpreted as
positioning at a point z in the policy space and experiencing a cost ¢ from voting. Note that we assume



cumulative distribution functions with such a restriction.

A voter with position = votes for candidate A with probability 1 if

o (u(x,xs) —ulx,zp)) > ¢,

and she votes for candidate B with probability 1 if

¢ (u(x,zp)) —u(z,x4)) > €,

where ¢ : R — R is a continuous and strictly increasing function with ¢(0) = 0 and
limy oo ¢(t) = oo (thus its inverse function ¢! exists and is continuous and strictly
increasing). Otherwise, the voter abstains from voting.

This class of models subsumes a setup in which the motivation for each voter is to
influence the electoral outcome and a voter estimates that, potentially incorrectly, the
probability that she is pivotal is a fixed number p > 0 (thus ¢(t) = pt for any ¢ € R).
It excludes models in which each voter correctly evaluates the probability of becoming
pivotal® (see Ledyard (1984) Palfrey and Rosenthal (1985), and McKelvey and Patty
(2006)7), but many other models in the literature are included. For example, the voter
may vote because of “expressive” motives (see Schuessler (2000) and Glaeser et al. (2005)),
in which case function ¢ specifies the salience of the political issue in the voter’s mind.

Denote by MY (F) the costly voting model with cost distribution F' € F.

that the distribution of voters’ positions and realized costs is given by p and F, rather than modeling
a continuum of random position-cost pairs. This is a standard modeling approach in the literature,
based on the intuitive idea of the “law of large numbers.” See however Judd (1985) and Uhlig (1996) for
technical issues associated with invoking the law of large numbers for a continuum of random variables.
Analogous remarks also apply to the probabilistic voting and hybrid models below.

6With a continuum of voters the probability of becoming pivotal is zero, so models with a finite number
of voters are more suitable for analyzing this question. As we will show in Remark 2, the equivalence
theorem does not extend to the case with a finite number of voters if the candidates’ objective is to
maximize the winning probabilities. While that remark assumes a fixed pivot probability, it suggests
that the equivalence does not hold in the case of a finite number of voters with correct pivot probabilities
either.

"Feddersen (2004) provides an extensive review of the literature.



Probabilistic Voting Models

Each voter does not have a choice to abstain, while their decision on who to vote for
depends on two elements: The first is the deterministic utility of electing the respective
candidates defined earlier, and the second is a random shock in the evaluation of the
two candidates. Specifically, each voter experiences a random shock ¢ in utility that
favors candidate A. The random shocks are independent of voters’ positions and across
voters, and each random shock follows a continuous cumulative distribution function
G : R — [0, 1] which is symmetric around 0. Let G be the set of all cumulative distribution
functions with such a restriction.

A voter with position = votes for candidate A with probability 1 if
w(x,xa) + & > u(z,zp),
and for candidate B with probability 1 if
u(z,xp) > u(x,z4) + &.

If u(x,24) + & = u(x,zp), the voter votes for the two candidates with probability 3 for

each. Denote by M?(G) the probabilistic voting model with shock distribution G' € G.

3 The Equivalence Theorem

Theorem 1. Fiz ¢. For any cost distribution F' € F, there exists a utility shock distri-
bution G € G such that the costly voting model MC(F) is equivalent to the probabilistic
voting model M (G). Conversely, for any G € G, there exists F € F such that M (F)

is equivalent to MP(G).

This is the main theorem of this paper, which establishes the equivalence between

a costly voting model and a probabilistic voting model. As we have discussed in the



Introduction, the theorem implies that many predictions of interest established in one of
the models carry over to the other, which provides robustness of the conclusions to model
specifications. The sets of equilibrium policy profiles announced by the two candidates
who try to maximize the winning probabilities, for instance, are identical under these two
models.

The proof is simple.® We take the difference of expected vote shares of the two can-
didates in each model, which is a sufficient statistic of the winning probability. Then we
construct a probability distribution of random utility shocks (respectively costs of vot-
ing) that generates the same expected vote share difference given any policy profile and
a probability distribution of cost of voting (respectively random utility shock). It turns
out that the restrictions on these probability distributions imposed on each model are

sufficient to guarantee that the construction works.

Proof. Fix a policy profile (x4, xp). Given a costly voting model or a probabilistic voting
model M, let R(M,x4,xp) be the “relative vote share,” the measure of voters who vote
for candidate A minus that for candidate B under M and policy profile (x4,x5). To
prove the theorem, it suffices to show that (i) for any F' € F there exists G € G such that
R(MC(F),z4,28) = R(IMF(G), 24, 2p) for every (x4,7p), and (ii) for any G € G there
exists F' € F such that R(MY(F),z4,25) = R(MF(G),z4,2p) for every (z4,25).

By definition, for any (z4,xp) we have

R(MC(F), xa,25) = /X [F (p(u(, x4) — uw,2p))) = F (d(u(r, x5) — u(x, 4)))] dp(z)

for any F' € F, and

R(M"(G),xa,25) = /X G (u(, 24) —u(z,xp)) = G (u(z,x5) — ulz, z4))] dp(z)

8 As mentioned in the Introduction, mathematical difficulty of the proof is not our focus.



for any G € G.7

Denoting t = u(x,z4) — u(z, zp) for notational simplicity, we have:

ROC(F).aa,am) = [ [F(6(0) ~ F (6(-0))du(o)

X

and

R(MP(G),2a,25) = / G (t) — G (—)] dp(z).

X
This means that it suffices to show that (i) for any F' € F there exists G € G such
that the following condition (1) holds, and (ii’) for any G € G there exists F' € F such

that condition (1) holds,'® where
F(¢(t) — F(¢(—t)) =G (t) — G(—t) for all t € R. (1)

Now we prove (i) and (ii’).

Part (i’): Let F' € F be given. Define function G by
G(t) = B (2)

Since G is nondecreasing and satisfies lim;_,_o G(t) = —3 lim;_,_oc F(¢(—1)) + 3 = 0 and

limy oo G(t) = 3 limyoe F(¢(t)) + 3 = 1, G is a cumulative distribution function over R.

Moreover, (7 is symmetric around zero since G(0) = 1F(¢(0)) + 1 = 1 and, for any ¢ > 0,

R(MF(G),za,25) = [y [1 -G (u(z,zp) —u(z,24)) — G (u(z,x5) — u(x,z4))] du(z), and symme-
try of G leads to the desired expression.
ONote that (i’) and (ii’) imply (i) and (ii) above, respectively.



Since ¢ and [ are continuous and lim,,o— G(t) = 5 = G(0), G is continuous. Hence
G € G. Substituting (2) into the right hand side of (1), we obtain F(¢(t)) if ¢ > 0 and
—F(¢(—t)) if t < 0. In either case, the expression is equal to F/(¢(t)) — F(¢(—t)), the left
hand side of (1).1

Part (ii’): Let G € G be given. Define F' by

F(t) = a (3)

F is nondecreasing and satisfies F'(t) = 0 for all t < 0, and limy o, F'(t) = 2(lim;_,00 G(¢71(t))—
%) = 1. Thus in particular, F' is a cumulative distribution function over R. Since ¢!
and G are continuous, F' is continuous. Hence F' € F. Substituting (3) into the left hand
side of (1), we obtain 2(G(t) — 1) if ¢ > 0 and —2(G(—t) — 1) if ¢ < 0. In either case,
the expression is equal to G(t) — G(—t), the right hand side of (1).'? This completes the

proof. O]

Remark 1. The theorem establishes the equivalence in terms of winning probabilities.
This in particular implies the equivalence in terms of the sets of Nash equilibria of the
games in which each candidate maximizes the winning probability under probabilistic
and costly voting models. However, there are models in the literature in which not
only the winning probabilities but also the vote shares enter the candidates’ objective
functions.' Our equivalence result does not extend to all of those cases. For example, if
each candidate maximizes her own vote share (that is, the total measure of voters voting
for her), then the equivalence does not hold due to the possibility of abstention in costly
voting models. However, the equivalence does extend to a case in which the vote share
affects the candidates’ utilities in a particular manner. Specifically, consider the case

in which each candidate values having a larger vote share herself while she dislikes the

HRecall the value of F is zero in the nonpositive domain.
2Since G(t) = 1 — G(—t) by symmetry, G(t) — G(—t) = 2(G(t) — 3) = —2(G(-t) — 3).
13See Zakharov (2012) for such specifications.



opponent having a larger vote share.!* The proof of the theorem shows that the relative
vote shares (the differences of the two candidates’ vote shares) are identical under the
probabilistic and costly voting models. Therefore, if each candidate’s utility is a function
of the relative vote share, then the set of Nash equilibria are identical under these two

models.!?

Remark 2. Throughout the paper, we assume that there is a continuum of voters. Our
result immediately extends to a model in which there is a finite number of voters if the
candidates try to maximize the expected relative vote share, by an essentially identical
argument as above. On the other hand, our result does not extend to the case with a
finite number of voters if the candidates care about winning probabilities. Appendix A.2

provides an example showing this point.

Remark 3. There is a literature that studies equivalence of the candidates’ behavior
under different objectives (Hinich (1977), Wittman (1983), Duggan (2000), Patty (2002,
2005), and Zakharov (2012)). This is a different notion of equivalence from what we study
in this paper, which studies equivalence between different models of voter behavior while

keeping the candidates’ objectives fixed.

4 Hybrid Models

In this section we analyze general hybrid models with both voting cost and random utility
shocks. We show that, given any such hybrid model, there exist a costly voting model

and a probabilistic voting model each of which is equivalent to the given hybrid model.

14Zakharov (2012) presents various ways in which each candidate’s utility depends on her vote share,
and studies models incorporating this dependence. In his models a candidate’s utility is increasing in
her vote share. Since he assumes that voters do not abstain, the candidate’s utility is decreasing in her
opponent’s vote share.

150mne could imagine other possibilities for both candidates’ vote shares affecting their utilities. For
example, the ratio (as opposed to the difference), or some function of the difference and the ratio may
affect the utilities. As with our stance throughout the paper we do not intend to take a particular stance
on what model to deem as realistic; our primary concern in this paper is to understand the relationships
between various election models.

10



This result implies that there is no loss of generality in assuming away either the cost
or random utility shocks from the model. This result can facilitate analysis of voting by
giving justification for studying relatively simple models with only either cost or utility
shocks but not both.

In a hybrid model, each voter experiences a cost of voting, denoted ¢, distributed
according to ' € F, and a random shock in the evaluation of the two candidates, denoted
&, distributed according to G € G. Hence, a voter with position x votes for candidate A
with probability 1 if

¢ ((u(,24) + & —u(z,78)) > C

and she votes for candidate B with probability 1 if

6 (u(x, 2p) — (u(x,24) +€)) > c.

Otherwise, the voter abstains from voting. Denote by M (F,G) the voting model with

cost distribution F' € F and utility shock distribution G € G.

Theorem 2. Fix ¢. For any cost distribution F' € F and utility shock distribution G € G,
there exist F € F and G € G such that each of the costly voting model MY (F) and the

probabilistic voting model M (G) is equivalent to the hybrid model MY (F, Q).

Proof. See the Appendix. O

5 Conclusion

In this paper, we considered costly and probabilistic voting models with two candidates
and proved an equivalence result: Given any costly voting model, there exists a proba-
bilistic voting model that generates winning probabilities identical to those in the former
model for any policy announcements, and vice versa. This result implies that many pre-

dictions of interest established in one of the models carry over to the other, providing

11



robustness of the conclusions to model specifications. The sets of equilibrium policy pro-
files announced by the two candidates who try to maximize the winning probabilities, for
instance, are identical under these two models. We also showed that, given any hybrid
model with both voting cost and random utility shocks, there exist a costly voting model
and a probabilistic voting model each of which is equivalent to the given hybrid model.
This result implies that there is no loss of generality in assuming away either the cost or

random utility shocks from the model.

A Appendix

A.1 Proof of Theorem 2

Proof. Extend the definition of R(M, x4, zp) in the proof of Theorem 1 to include hybrid

models. Again this is well-defined. Let H be the cumulative distribution function of
¢~ (c) — &

By definition, we have

R(MC(F),24,25) = /X [F (w(z,24) — u(z,2p)) — F (u(z,z5) — u(z,z4))] du(z)

for any F' € F as before, and

R(M"(F,G),za,25) = /X [H (u(z,4) = ulz, zp)) — H (u(z,25) — u(z,24)))] dp(z)

for any H as constructed above. Denoting t = u(z,x4) — u(z, xg), we have:

R(MC(F), 2.0, 15) = /X [F (1) — F (~1)] du(z)

12



and

R(M(F,G). 2, 15) = /X (H () — H (—1)] du(x).

This means it suffices to show that for any F' € F and G € G there exists ' € F such

that condition (4) holds, where

Since H is nondecreasing by construction, F' is nondecreasing. Moreover, F satisfies
F(t) = 0 for all t < 0 by definition, and lim; ,, F(t) = limy o, H(t) — H(—t) = 1.
Therefore F is a cumulative distribution function over R and F € F. It is straightforward
by inspection that the above definition of F satisfies condition (4).

To complete the proof note that, by Theorem 1, there exists G' € G such that M (G) is
equivalent to MY (F). Since M (F) is equivalent to M (F, G) by the preceding argument,

this implies that M?(G) is equivalent to M (F,G). This completes the proof.

A.2 Appendix: Finite Number of Voters

As mentioned in Remark 2, our equivalence result does not extend to the case with a
finite number of voters if the candidates care about winning probabilities. The proof of
the theorem does not apply because the claim that statements (i’) and (ii”) are sufficient for
the equivalence is not true when the number of voters is finite, although these statements

themselves are true. In this section we provide a counterexample that exploits this point,

13



showing that neither of the directions of the theorem holds with a finite number of voters.

Example 1. Consider an environment with policy space [0,1) and two voters, one at
point 0 and another at point 1/2. Each voter’s utility function is u(z,z’) = —=1/(1 — |z —
2’|).1%:7 Consider the two candidates’ policy profile (x4, z5) such that x4 = 1/2 —y and
xp=1/24y where 0 <y < 1/2.

Consider first a probabilistic voting model. Let e(z) be the probability that the voter at
0 votes for candidate B, where z is the utility difference from the policy positions of A and
B (note that z can vary from 0 to infinity as y varies from 0 to 1/2). Then the probability
that B wins is (1/2) x e(2) + (1/2) x [(1/2) x e(2) + (1/2) x (1 —e(2))] = e(2)/2 + 1/4.18

Second, consider a costly voting model. Let F' be the cumulative distribution function
of voting cost, and assume that ¢ is an identity function. Since B wins in the costly voting
model only when no one votes, and in that case B wins with a conditional probability of
1/2, her winning probability is (1/2) x (1 — F(2)).

Now we show that the equivalence does not hold in this example. To see this, note that
z can take any values in (0, 00) as y varies in (0,1/2). Suppose first that for any random
shock distribution G in a probabilistic voting model, there exists a cost distribution F'
in a costly voting model such that the costly voting model under F' is equivalent to the
probabilistic voting model under G. Then we must have F'(z) = 1/2—e(z). Since e(z) > 0
for all z, this means that F' cannot take values exceeding 1/2, which is a contradiction
to the property of cumulative distribution functions. Suppose second that for any cost
distribution F' in a costly voting model, there exists a random utility shock distribution G

such that the probabilistic voting model under G is equivalent to the costly voting model

16Recall that here, 2 and 2’ are the bliss point of the voter and the (implemented) policy, respectively.

1"We assume that the positions of voters are deterministic. It is straightforward to verify that an
analogous argument as below shows impossibility of equivalence when voters are distributed independently
and identically according to the specified distribution.

18The first term of the left hand side of this expression corresponds to the case in which B gets two
votes, and the second term corresponds to the case of receiving one vote. In the second term, the first
“1/2” corresponds to the fact that B gets elected with conditional probability 1/2 in the case of tie. The
first term inside the large parenthesis accounts for the case in which the voter at 0 votes for B, and the
second term accounts for the case in which the voter at 1/2 votes for B.

14



under F. Then we must have e(z) = 1/2 — F(z). Since F' must take values above 1/2
for sufficiently large z, this means that e(z) takes strictly negative values for sufficiently

large z, which contradicts the property of probabilities. O

The reason for the difference between the continuum models and the finite models
is that the winning probability is given by the probability that the relative vote share is
above zero (plus half the probability that the relative vote share is zero), and the expected
relative vote share is a sufficient statistic for the probability of this value only if there are
infinitely many voters. In the example, in any probabilistic voting model there is always
at least probability 1/4 that B wins because with probability 1/2 the voter at 1/2 votes
for B and in that case even when the voter at 0 votes for A, B wins the tie with probability
1/2. Such a “guaranteed” probability does not exist in costly voting models—in any costly
voting model the probability of B’s victory is approximated to zero as y — 1/2. This
difference comes from the fact that the voter at 1/2 is “large” in a sense and affects the
winning probability too much, so it creates the difference between the expected relative
vote share and the probability of winning. The “guaranteed” probability tends to zero

when we have n voters at each of points 0 and 1/2 and n — oo.
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